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By .M,xNUr:T. S'rl.:lx
SUMMARY
TD_" '.onlh..ar lar:l_,-d_Jb_clDm _quah'..,_ qf
_,oi_Kdrmd..for plalc._'at. c.._'_,rhdhal. a ,w;'fq
linear equat/on._' b/l e.rpa,di,g the d;._placem_.Jd._" ild.
ctp.'_t_:.#'ser/e._' /, tern_._'_!/"¢I#_ arb:h'acq ]_arrHn_:h.r.
The po._'lb_tc_'//,g beh{t_'ior o.f ._/mp/.q ._',pl.,'ted
r:.clant/ul(tr pletl_.._'._'ubjechd I. longiludi,rt/ com-
pre,_',_'i.,a.U .,'.b.'/,,ct# a u.i/'.rm:_.m/.,r_t:ur,_ri,,'.
:,_,:r_.<.,_,ID/.l(d;. :/:.lcti/b: ,_'./:':.gIDe.fir._'lJ','u,,!/
lDe _'qu_tl:o,._'.
l_.rl,.rhm.,la/ d:Ha cite l,'¢,.w,,h,d [,r IDe com-
pre._'._:o,, pr,b/em. ('omlmr/._'o,._" m': _na:/e for t,l_U
._'l.,'l_.,i_ga_td /',r /.ca/._'Ir_i,s a,d d_Jl¢clh._._" wh /cD.
ind/e_lle :/o.d _(p'eeme_d belw_r.n ¢.cp_.rimcnhU /'e._'u/L_
a,d ll,.,,',t/c_t/ re._ult,_'.
INTRODUCTION
Unlil<e sinlph, coluum:, recinn_ular plates which
are supported ON all_,_l_,sumy cavvy eoiMderal)h,
load beyond theirtiucklin Vload. Thepo,_lbu_'klin V
lwhavior of such phlles iu lhe ellislic I'lili_'e of ltie
phlle iulllerill| is slu_lied in this hivesliglllion.
_OlilO :O]llliOli_ rol. t)hlle,_ wilh ,_inil)ly :Ul)l)orled
('(l_'('s It1'1' [)reSOllte(I, lind these solution: shotlhl
provide ii eoilsl'rviilive eslillllile of flu' t)ostl)uck-
ling' t)eJlllvior o[' _i i'eclllll_iihir [)llile of ihhl-wail
eonsli'uelioii _Ul)l)oi'le_l liy relllliveiy siifl" sUi)l)orl-
in V ehqnelil_ (_li'iIlg'ei'.% rills).
_'lllilel'Oll_ ._llidh': hllve I)(q'ii |ill|lie /ll' lhe posl-
buekihi V liehlivhtr o[' thll reclliill_'ular ])]ale:; _Ollle
of llie illO._l iliiporlalll of lhese inve_liTiiliOli._ /ire
descrihed in I'O['ei'eilce_ ] 1() 13. The lillsi(" (lifter-
enlilil pqllliliOli._ for a I)llile i'|eliielil lili_h,l'g'oin_
large defhq'lion_ were t)l'esenled hv VOli |_.Ariiuln
hi refel'OllCe 1; VOli K_ll'llli_li, Se<'hier, Ill|i| l)onnell
in r'efereuve 2 hiii'odueed the emlee])l of effective
whllh. Various llt)proxiniale solullou_ for t)o_l-
bucklin V behavior were ])l'e,_eille(I t)y ('oX (re['. 3),
Tiniosheuko (ref. 4), ._,Iilr_tlerre lillll Trefflz (ref.
5), and X|lil'TtlOl'l'O (I'(,f. (i), wilel'O lilllilv:os WOl'(;
('ill'l'i('(l o111 ILv Plll,l'TV lilelllolL_. [11 l'(,f(,l'l.qi(,i, '7,
Kroinlu and Nlllrguerre exten_h,d lhe resulls of
refei'eiices 5 and ti fol' sinil)ly SUl)porled hlthlileiy
loll 7 l)llill'._ hi COliilil'e_SiOll. Koiler ill tel'el'elite
furlher eXlelidt'd lhis work Io inal,:e il liliplh'al)h,
t'iil' lte VOlid tmcklin V, By iilellli: of Fourier series,
[_evy hi I'('ft'l'011('o {) olilliine(I |ill "('xii('t" sohll[Oli
to lhe hirTe-delh,elhin eqlllilioli: of VOll Kill'Ill|ill
I'or square l)hlle,_. 'l'lie e[rl,_,is of iiiiiial devil|lion
rroni [llillit,_: for sqlilii'e I)]ates were hivesiivaled
t>y |lu, Imndqui_t, liml l_lll_hlrf iu I'el'l'i'eliCO 10
alid I)y ('ollii hi refel'ellee 11 ILv ilielili: of lhe
FOul'hq' :t'l'h,: nielhod of solulhtu ii([vlinced hi
rel'ereilCe 0. lit i'efel'elice 1() ltie uil]oli_led edves
of lhe ill|lie were COli:ll'liilled lo reluliili slrllilztil:
,,Vlltq'eilS hi l't,[Ol'(,ll('(, |1, llu' sigh, _,_lT_,swere I'ri'e
1o dislorl hi lhe plane of |he lihile. In i'eference 12
Xla.vers alld ]_udilin,_l,;y illlllh:ze_l ltu' 1)eliavior of
li ,_qu,qi'e l)lille t'OUil)i'es:ed beyond llie ehlslic
hlleklhi V ]olid hilo flu' l'llllT(, where t)hislic yiehlin V
takes p]:l('(,. Ah'xeev hi l,(,r(,l.(,ll(,(, 1:'_ obtailiell _ill
t'xii('l sohilion for lhe Sqlliire l)hile bu{'klhi V inio
()11(, Im{'lde ('il_ dhl l,evy in ref. 9) but hi('llided in
iiddilhin |ill exliel solulion for lhe :¢llllil'(, lihlle
I)uel,:lililZ" ilito lv,'o bu('kh,s (in llle ([il'eclhul of
huldhl V .
Wilh lhe exception of the analysis of Ah'xeev
(ref. 13 all previous slildies of llie I)oslllu_'l,:liill.e
Iwhlivior o1' rt'etangu|lir plates used either ('lll'l'_y
iilelhod: oi' Fourhq'-series expansions of lhe lili:io'
I "l'[ie iilfllrill_il[oil ])rt':eilllql ]lereht was :l p;u[ Ill It dissl'rltithm elllitil'i| "l'us{I)llekliltl_ Ill!h_i;-illr of ]{l'(q:lllgllhlr ]'|ah_s "' which '._.:!.s otl'i,rud hi pmli;ll
fllifil]liU,iil tlf ihv reqiih'lqlielitS fill" Ihe ih,_rt,t, o1" |)llelflr iff I'llillisoldly in Alqllied _.h,ehliFli(!s. Vh'giilig I'olyleehllh_ [n:ti{tlti,. l/]:ll,k:iiili'g, Vh'lzhli;l. Jlllie ]9,'m.
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uo,tlint'_u' (lifforential equations o1' you Ktirnuil_.
Ah,xeev used _t method of Sli<.t't,ssive al)f)roxintu-
lion. In the t)i'esonl l)al)t'r the bust<' u<)nlin(,=u'
<liff(,t'<mtiul <'(luation,'+; ;u'r <'onvt,i'tt'd tutti lln iulinih'
set ill' lint'tlr dif[erontitd equntions by rxl)llnding'
lht' tlis[)hl('enmnts inltl ;t power series ill terms (if
till ttl'l)itt'Itl'y ])ttl'ttlll('tt't'. Tilt' first ft'w of tilt+
t,(lttlltit)llS Of the infinite set tUrll Ollt to bt' the
_nlall-doth'<qiott t'(luati(m_. .":,ohlti()n (it' lttrs(, +tnd
_u('cet,diug equations l)erlilits it study <if till' bt'-
havior tit tilt' plate at bu<'Ming and l)evoli<l, tlp
into flu, htrge <h,fh,<'tion rangr. 'l'h(' postbu<'Mit1+z
lwhttvim" t)l' +t sitnl)ly SUl)l)ort('(l plate sul)je('te(l to
longitudinal ('onil)r('ssit)n is studied in dotail, antl
till' results tire t'tltiIl)ttred with ()thor thl,ort,ti('ul
rl,sults. A :indhu' study is l)l'esentt'<l for su('h it
plate sIIhjt'('t to II ilnil'orm t('Inl)eI'alure rise.
l+:xl)el.hitt,ntnl results whi<'h httV(' litlt, ho(qL puh-
li+li,d l)reviotlsly tlre int'hided in flu, al)l)endix untl
results l'I't)m the+t' und other i,Xl)l,ritm'nl+ are ('(+tn-
l)+iro<l with flu, j)ri,srnl lhe(Ir3 +.
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SYM BOLS
pi_tlr h'ngth
plnlr width
i)hlt r t hil'l.:nt'ss
inte_t,rs
di+l)hll.t.ntenl of llOiUt .i_ llliddh'
sm't'lwt, of i)hn(, iu .r- aml
tl-(I it'(,('i im is, i'eSlW('l ivt'ly
dt,flt'('ti<.i of poiut (m nli(hlh' sut'-
l'_t('t' of plate in <lirt,<'li()n norlnal
t<) un<h,f(wtnt,d l)hllt'
l)hlle <.<)ordhnil(,s
l_]+ ;+
F,htlt' [h,xurltl slill't.,ss, l)::1,2( 1 _;i
Yt.mg's nl(>duhts for lllal/,l'ittl
It)t ill t'ttml)rt,ssiv(' load
t OIlI[)(WII| lll*l' l'[S('
t'eStl]tltI)t tl()t'mlt] fOl'('l's ill a'- Iitld
!/-dire<:( it,=ls, l'(,Sl)(,('t ix'f] v
n.sull aut .'_tit,ariIlg force in x!/-phlnl,
Im('kling load
tenll)eraturt, rise f<_I' l)Itekling
recoverab|t' strain t,Ii(,i'gx'; that is.
Olitq'g.V t'('l('llSt'(l Wilt'It edge I'e-
sll'ainls are ren_ovetl
('oeffi('itmt of thermal exl)ausit)n
bu('kh, witllh-h,ngth ratio, mh/+1
al'bit rary 1)al'amot rr
l't)isson's rat io for material
A total sli(irtening st,t,(,( 1. (,27))
-y.., mi(hlh,-stu'fa('/' shl,aring slt'aitL
++_,+,, ini(Itlh+-surfa(+t, strains in J_- uud
y-(lire('tions, r(,sl)(,('t (rely
+_.,, twmling str, i. Ill ('rest (d' I,ut'l,:h'
(_, exlrem(, lil)t,r strain tit <'rest t)f
llucMe
0 _ b4 c.Y
v,--o. ` ,+2 o.,_:ov_+o:/
Vfh+,n sul>s('ril)ts x and !1 l'tdlow II ('()till(Ill, tlit'y
iu(li<'at(' partial (lifft,i't,nliatiott (d' tht' l)rincip;d
svmh(,l with resl)el'l Ill .r tll)(I ft.
THEORY
in (hi.-; set'lion the you li.fil'mtht hu'go-dt'lh'('ti(m
t,<inalions for l)lates at'(, ('otlv('rto(l from a sot tlf
tht't'e u<)nlinear l)artitd <lill'(,r(,utial etlUalit)ns into
an infinite set t)f linelu' lmrti+tl diit'(,l'(,ntial t'(tlltl-
lions !>v t'Xl)an(lint: lh(, (lisl)hi('<.nwnl_ int<) II l)O',vrr
sl, rit's in lerltlS of +In +n'hitrarv i)ttralnutut ".
'l'h., luuthod t)l' s(,luti(in i)r('s<'nlt'tl is similar 1<)
It 1)('r urlmti<m nu,lho(t: h<nv(,vl,r, in li. l)t'rltwlm-
It(in tlt('th()d <'(nlsi(l('l'ati_m is rt,sti'i('t(,_l to st)hill<ins
xvhi('I iu','(dv<' I)lll/" small valiloS ill' till' arbitrary
l)uranleter. It is n<)t no<.(,ssary 11( rt,stri<'l ill(,
arl>itlat'.x + l)ai'anlett,r t<+.,+Iiiall vIiIIlt'S in flit, l)r('st'nl
Illtlil3"4[s, bO<'llllSe Ill(' ('ot'tli('[('tils (d' tlu' higlior
p<)w. s art, ._luall. Ttit, lnotivtition for Ill(, at)l)li(m-
lion ,ff this Jnt,thod was llw (d),.+t,t'vatiOl+ that
avaih, hh' +<dulions of lh(' I)()sthu<'l,:ling hohavior
of rt,< taugltlar l)lales subjt,<'t to l()ngitudinal ('mn-
l)rt,ssi(in iu(li('iltt'd that l)oti_ tilt' sllortt,ning lind
the s:tnal'O of Ill(, ('('lll('l' d('fh'('ti(+u w.i't, Ill,Ill'IV
liut,at [unt'tions (if tiu, al)l)li('(I hind in ll_t, th'sl
part ,d" Itie I)t)sll)twkling rm)gt', l+'or lhe ('Oml)l'rS-
si(in .'oldl,m il was thus rxp(wlt,d that Ill(' first,
few ((,t'l_lS of a seri(,s of l)()w(,rs of Cl'--l'.)/l'+,
wouhl lit' adt'(lUatt' to rtq)i't,St, lit the disl)hu't'ment,.
(I' is tilt, total apl)lit'd hm(l and I'+, i,_ th(' ('riti('at
load. This exl)e('talion has b('<'n 1torn(' ont.
l+'(i • a l)latt, with uo lal(,ral loIl(I th(, ",ou t(tlr_mln
hn'gl, dt,lh,('li(m ('(lUalions fan It(, written in ttlu
['Ol'lll
N,,.,,! +",,5,,.+.-0
Cllt)
1ll))
(11,)
wht'I', stIl)s('ril)IS +r and ff whi('h appear after a
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('omma indi('ale l)arlial difl'(,reniialion with r(,-
Sl)e(q 1o .r and y, respe('tiv(qy. The strain-for(,(,
relations in('lutlillg lh(, efre(,ls of chang(, in tem-
pPI'HI[HI'(' T Iltl'('
1
__= E/, (AS-- u N,) +aT" (2a)
l
_" - I,.'D.(A;,--uAS) +_7' (21))
2(1 +u) AS,, (2(0
The for('cs al)l)caring in equations (2) may be
solved for and thus expressed in terms of the
sl rains, as follows:
(3a)
-, ]_]]b
(3t))
The ._traiu-di_phw(,m(ml relations an,
I
%= ¢',_+2 u, S (4[))
"Tzu _l_u_r z--W,z_tLu (4c)
Equations (1) (3), and (4), together wilh a
('Oml)h, le se! of boundary c(mdilioNs, (hq(wmin(,
the l)robh,m. These e(pmtions are sul)j(wt to
the usual out-of-i)huw 1)ouudary ('ondii, i()ns re-
quired in lm('kling stu(lies (zero normal (hqh,('lion
and zero moment for simply supporied plates).
In addition, howt, vvr, for postlm('kliug st,u(lies
it is n(,('(,ssai'v (o sp(,(.ify in-plai)(, ('())i(lilion_.
O)lly l)hit('s wil]ioi)l iuitial (w('(,n(ri('i(i(,s ,,qil)j(,('t
lo iii-])lau(, loading are ('()i)si(h,r(,([.
It is assum(,(l thai u, c, llild w may b(, ('xpan(h,d
in a power stu'ics iu tel'ins of iHI arbilrarv ])aral)i-
(,ter e For the ])r(,s(m( ])m'po_(,_ u, c, .'itM w
are to I)(, (,Xl)au(h,(l about the l)oint of l)u('kli)llz'
(at 1)u(.kli))g _ ()).
n =0,2
, =t),2
'/L'==- _ ,/)i,,)_n (_C)
tl-- 1,3
Th(, u'"> c'"', an(l w `') ar(, fulwli()ns o)ily of ._:
and !/. For plates withoul i.itM (,('('(mlrivities
subj(,('t I() iu-plan(, l()adillg the dett('('tion .,
is zero in the loadiug rang(, prior t() I)u('l,:ling
but , and z' hay(, vahi(,s o(h(,r than zero. Thus,
f())' small wilu(,s of _, u an(l c wouhl hay(, valu(,s
('los(, 1() (h(,ir values .just l)rior 1o l)u('kliug whih,
w m'ly I)(, l)rOl)orlio)lal 1o _ or soln(, l)OW(,r of _.
'I'h(, s(,ri(,s for u and e is therefor(, (,xl)(,(.t(,d to
starl with th(, z(u'o l)OW(,r of _ whih, lh(' s('ri('s
for w is (,Xl)(,('((,(l Io star( wilh a nonz(,ro l)ower.
As (ti,_(q,ss(,(I in the first t)art of thi,_ s(,(qion,
availabh, solulions of the l)OSlbu('kliug b(,havior
of r(,('tangu]ar l)lal(,s sut)j(,(.( 1o Iongi(u(limd
('Oml)r(,ssi(m il.li('ale(I thai the S(lUare of ih(,
,(,nl(,r (Mh,('iion was n(,arly a litwar fun('tiou
()f ih(, al)I)]i('([ ]oa([ ill ill(, fi)'sl part of (h(, ])osl-
hli('l<.lilig rang(,, l,'or the ('olnl)r(,ssion l)rol)lenl
it. is ('oilv('iii('nl io l'(,]ill(, • io the load I) so lhl).t
("= (1"--1'. ) /1"<. Thus, the series for w will
M_II'I with th(, [irsl power.
The series for u and _, as wriilen in e¢iualiolis
(,'3a) aud (5t0 start with a zero power and im'lud(,
()lily (,v(,n l)OW(,rs and the s(,ri(,s for w (('(I. (fie))
sllil'l._ wiih the first t)owi,r lili(I invhl(h,s t)ll] 3" o(hl
])ow('rs. The odd powers hl the s(,ries for It iili([ ;,
lin(I lh(, even l)()w(,i's ili i,h(' sel'i(,s for _t' _,'anish for
l)l'Ol)]('nis of (h(' t,yl)(' ('onsi(l('r('([ an(l, for silnl)li('-
i(y, they hilv(' ])(,(,li oini(19(I froni ih(, siai'i, lil('i-
(]('nlally, ihe odd l)OW(,rs ill ih(, s(,ri(,s for /I illi(l
¢' lin([ lh(' even 1)owers in the s(,i'i(,s for W illliy 1)e
(h'(hi('('(l l,o viillish, Oll('P il is rl'('oglliz(,(] lhlil, fOl"
li giv('li loll(i, (lie l)lirlinl(,ter _ inliy ])e (,ilh(,r ])his
Of ]ilillllS, For the iyp(' of proi)h,nl ('Olisi(h'r('(I,
lh(' t)llii(' ('all t)iick|(, in (,ith('r dir(,('.tion l)til the
(h'fl('('tiou sliil])(! i:e(,r,y) is ili(h'l)('ll(hqil, of the (]ir('('-
tion ()f I)ll(']diilff ((,x('('l)( for II sign) anywhere in
the l)osil)ll('kliilg l'll]lg(,, l](,nc(,, in or(h,r lo ])ro-
vi(h' 111111the S[ltl.])(, (,l/n ('hlliiffe Olil 3, in ._igll, ill('
s(,ries for w ('lili ('olililill olily o(hl l)OW('rs of _, Tii(_
in-plan(, (li._l)la('(uil(,nis u lin(] _' 011 ilia oth(,r ]lllil(I
Ill'(' Ilii('hliilT'('(] t)v lii(, (lir('('lion of l)ii('klhig lill([)
lh(,l'(,fol'(,, sli()ill(l ill('hi(h' ()lily ('V('ll ])ow(,rs o[' e.
In this nl(,thod it is also ll(,('(,s,_lii'y lo ('Xl)liil(I
Ih(, ('xl('l'lililiy li])l)li('(] loud,_ lin(I I(,nlt)(,rlillire dis-
irit)lili()iis ill l('l'lli,_ of ih(' lil'})ili'lirv ])iirillill'l(q ",
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For cxamt)h, , tho rhange in t(,inl)eralure T, whi('h
is ind(,l)(,n(h,nt (,f tho dirt,('iiou of hu(+klinv, du.ihl
iurludc ouly cv_,n t)()wcrs of _:
wh(,rc 7'u_) may tit, a funrli(lu of x and y.
e(luatitms (3) aud (4 , the folh)wing r(,lations arc
ohtaincd:
,'l = U, 2 m = 1, 3 _t=l, 3
#_=(), %) 7It= i, 3 #l=l, 3
I+ =0, 2 re=l, 3 /_=], 3
tV|l('t'(_
......) _ A'D l,.r,L;"'+ '" (I-+ ,,.,)_7'')1
" u i__#_
l,'.l_
"\ "" -2(t-f _) "'" )
lED
_\+$""_ (_,r <"_ _, ¢"' --, ">_-- _")' V (''">
2(I--S) '" ': t.,: -r/x++,. _(,,. : :-.
ED
A,, 2(1 _) t ,,, ,,, 4
1%
S,in(.e ¢ was taken t(i tit, au arl)iirary l)aranl('l(,r,
die stif)ul.tM;t ¢luit _l f_(,vr(,r s(.H(.s hi + rlltib;h r('-
<luirt's that (.a('h ('ocflh'i(,nt, of the I)OWOr s(,ri(,s
vauish. If tit(' (,xllrt'ssions (5(') at.I (7) art, suh-
stitlttt,d iu t,(ltrdi(ins (I), th(' re(luir('nu'tlt that
('a('h ('(it'll(tit'st i. th(, I)(iwt, r sc,'i(,s vanish It,ads
to the l'olhiwi._ lim,ar (,<itulti<ins, whirh tlre If.'
first h'w of au infinite set:
\+us .' \:(.> =:01'_ttl, , r(01 (S.)
]IVr!H, fl) ( ,'_Y((_)+,, (1)_ _*C0)_u• (1'__') _r(0)_l,_ (11"_ ()
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indicllted in the following sketch:
y
b
)i
SOLUTION
The ])rol)lem to t)c solved is the 1)ostbu(4ding
heh'lvior of a rectangular, simply supported plate
in longitudinal eompr(,ssion wit h edges constrained
so that the displa('(,nl(,i_t of each edge in the tlhul(,
of the t)lah_ is uniform. The sitnl)ly supt)ort, ed
edge ('ondition is selected as a 1)ractical example;
with the in-phuw conditiotls chos(,n for the present
aimlysis, it also leads i() mu('h simpler rt'sulls
than olher types of ('dg(' support. For other
t vl)eS of edge support lliere ix no collet,I)tual
difl'(,rencc in Ihe method of solution.
The boundary condilions ('onsidered call b(:
written:
Zero d(,fteclion
w(O,y): w(a,y)=u'(_:,()) :_(:r,b) 0
ZCTO lllOlllPlt[
ql,,_.((),y)=w,_=(a,y)=w,v,/.r,O) v',y_(:r,b) =0
Coiistant (lisphwement
_,_((),!l)-'%,(a,_.l) r,_(.,',()) _',/.r,b) 0
Z(T() s]lo_tt' stress
r,Z(),_./) r,/.,!/) :-:_,,(.,',()) :_,,,(.r.b)- o
],oa(h'd edges
'_' (A_) ....... ,/:_ 1>
o
Unh/a(le(1 edges
I) _r . ,(_ ,,)_,_,>,l/,r=O
The giv(,)l total al)plied load 1' is e(lU:d to or
grea((,r ihail the buckliilg load. It' for u, v, and
w, the exi)ressions in equ.ltions (5) are inserted
in (h(, first, four I)ouiidary conditions, it. is s(,(,n
that each of the values of 'u ('_>,_,('), and w (") must,
in(lividually salisfv these boundary condi(ions.
Sul)stit.utiilg from equation (Ta) into the (:oiidition
on the loade(l e(lF('s gives
where
1' : _ s>_">_" (t))
/I = 11,2
I>,_,1 l'"( ,v< )>_ <,_t_.1
----- ] \_)"x _x=O,
,dO
°(A i.21:2 __ , 7 _7(11:,_I"> -- _-,_ )_=(),,_d!l
'_(
,9o
i0)
Similarly, if equ,ltion (7h) is used, lhe ('onditi()n
Oil the unloli(h,(| edges n)econles
ji((.,:_"'), :,,. ,,,I.r=O
,a rl2_ Y(|l)(A v --A u _=,,.od.r () (11)
IP
'_( \r<i)_o \:,l:_,_ d.r =()
For this case th(,re ix no l(,nii)eral iil'(' rise, Itiid all
the T (") vahli's lil'O SP|, e(lUltl U.) zei'O.
E(lllillions (_li) ('Jill be wrillen ili lernls of the
disl)lacelnenl s _#(01 iln(| r ")>. With _/'(')) set, e(tulil
to zol'o, e(illilliOllS (<_Ii) })et'oill(,
##ss + 1 .) ()
,s!/
l l
,, (I))(,, (011" /, _xO' (1
--,) a,x_T t _yT--,)
Solutions of the ill)ore (,(luati(ins for 7_(')) lln(1 o_°;'
ilmt satisfy tit(' })olln(litl'y ('ondilions Ill'(;
])([)) / (lk_
_lc()) .... -_ +[,r-- -1/
t_ hb\ 2 ! t
f
1>+'':)" b" l
_,",) #_ ly-- / I
Ebb\ 2] J
(12)
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It therefore follows that
/) (o) t
*_x --- b
i--g _ '_ Z'//
(13)
Now u,m can 1)(, det.ernfined fl'mn equation (Xl)),which has the soh|tion
_/)d) = _!_1 Sill 7llTr.r Sill" LWi'_]._
a b (14)
that snlisties the 1)oundary conditions. This soluiion requi.'es that,
- • o 9 2
LX-a / ',--fie d
t)(0)___ _L ....... 7 :" _, L _ (15)
Thus far, the solutions obtained are idenlival with the small-detlection solulion, where the set of the
various values of p(0) (for eavh m,n combination) can be identified as tile set of buckling loads. The
lowest buckling load is determined by the choice of m awl . for a pa, rtieular length-width ratio a/'b.
Note lhat, as is the ('ase in slnall-defh,etion theory, the at:tl)litude u,t cannot as yet t)(, determined.
The values of lhe N (u) may now l)(, found (in terms of ,v_), and equations (St') may lhus be solved.
Solutions that satisfy l,he I.)undary conditions are:
[-t 'l'! _1'"/ m_r'*e-l: ax _c _1_ a / --_t_b
"'" t..IAU-,*-,,;I-.....':,:-
r,,/,,., ,,,,:(,,,,)_-], 5, ,,,,'iV _-I-*" ,,-1
so tim!
0 2 m _r.r
sin _ mrr,r mrr sin
(1 tl (I
.... cos sin !
sin b b ,
V '2' ' V"" 1'"_ Ett'(2 (mW'/ 2';!I i
P]I_*t'["I".rr"k'-' 2 *_rr.r (17)
Jrl21 "(lll
(iI(;)
Now ,,(:_) must 1)edelerminedt'rmne(lualion (Sd. After sll)slitulion of the N's and ,,o) equat, ion
(Sd) t)ecomes
t.rr,r ..,ill 7t,_r qsin- - -.' '-
a b
.nt l_lt_c["[ roW\ _ . tmry 3,try . l_hu;F'/nrr\ 4
\
sill a.trr, r . '*_V_
.-sin -'- (IS)
b/]
__ _t_ryIt shouhl l)(, noted thai sin tara" sin is a ('Oml)lt,mentacv solulion to equation IS) and a
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term of this kin(I al)l)ears on llu, right-hand si(h,
of this(,(tl,atiou. No solution to eqlmlion (IN) is
i)ossihh' lha! satislles t)oundary ('orl,liti(ms ()f lhis
I)rol)h'm md(,ss the ('oeiti('icnt of (his term (m lhe
right-hand side of this equali(m is zero. (A more
formal dis('ussi(m of Ill(, ('()mlitions for a (lifter-
emial e(llmlion lo |laVe a solution satisfying
I)Oml(lary conditions is given in ref. 14.) Thus,
,_-: - ,, B.....-)+__,)a?--°
This rclatio/lsllip pr(_vidt,s Ill(, IllOlllIS of (l(,l(,I'-
mining the value ,)[' "h. If the trivial ('liSt Wt 0
is iFnored, the amplitu(h, ,,_ is foltn(l io ])(,
(2,
With the informatiml lha! lln_ I)('('ll l)rcs(mt('d
so far, a first lq)proximalion t(_ the solution of ill(!
l'lrg(,-(h,flt,ctiorl 1)(,havior of the plate may l)c
wrilh,n if values are assig'ned lo the I)erturl)alion
paramet(,r _. This first appr()ximalion w(,uhl
ilwhl(h, all powers of _ through ill(, s(,c'(m(I. The
values (']lOS(m for e 'Hid Ill(, results in (,(llmtion
fornt for the firs1 a])l)roximalion are in(Ill.atoll
subsl'(tuently.
Upon s'_tisfll('tion of ('(tu'ltiOn (19), qyation
(lS) may b(, solved (lil'(,('tl 3' for ,,(:' to give the
following sohllion whi('h satisfies the houndary
(.on di! ions :
w c" = w3 sill f**7r,r sin - b ' -I-"'1i, sill sin(I (I b
-+-w:i:_)sin :)" _-:r sin "_Y (20)
a 5
where w_ ('annot be determim,d as yet, and
If/, w_2(-,_- '¢
v .....ct " 1(i ,,a :
i_-.V_,.;;?+(._II.V7_,_:,.,,:,;iq_
L_ ,,: \ b :3- b _,-,i:
_a, :Tf !_,, ._.,+f,,_?.7.,_(2,, ( !!_,_,f
Lt,. / \ b : ] b \ a ]
The ('xpr(,sSiOll for the _ r(13)aml .'\'(:_) may now t)e f'ottt|d hi t('rms of "_a. Thus ('(lualions (St, may he
solved. Fromt,(llmlions (St,) solutionslhat salisfy the boundary ('orlditior|s are
" :-L:,:,/, + 4 U;:.:JL"-_)-,_,,;:; \*""Lt ,iJ-" +"'_:_':_, ,, . T _" ,,---
r
• [ "
,,_Y F,i,.V' ]
,'fl )ElY*_F_A-('L_-i/_/I'¢i:]:' si,, T-
. _J ]. U-, ) +t,, )J
r
siu 2m_.r 4.Trq . '.','W.l:_ ) mTr 3
,, -'")_ b' +- 4. [
"lit 7F' 2 II 71"-)2 lfl,,_r\:_4( iI )-[-(2-_ #)(b . 141H'lr.r _l,'lt'_.] (21a)
537772--_i0--2
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[
L
('"_7 _ ("'q _ 7 r
_, (t I --U _, b-)' ,[ cos 2mmr sill 2.Trq . _ iH_lg]_Tr ....E( ,, , -,,: 4_ b l + (''-+ _'_( ,, , |D.,, I _ _ fJ ,
s. 1hat,
L\'9'' 2.V:) _'
4mTr.r . 2.7r!1
."4111
a b
m_-)_ i .... 2._,q . ,.. 4._,/1"" lfh.'_( t_c:{--.,li_?) cos b + 'J!_ b-- '{)_ 'b 4 \ .
' 4 It ' ' #
-F 2 '2 COS COS[(,,:,_)-+(,,_],,) ,,
"2m mr 4._r!l
-- )llTr ., COS - COS
Ill 7r .}2 . / (/[( ,,,+_,,)1 "
'_/ n;r-_t 7
u':'i'_'_b ) 4m_r.r 2.r!t
-- ,, COS --- COS[(-',_) (,,_vT-+ " "
,, b ! J •
(211))
(22a)
(" _ c_l ' "/ l?l Tc k l
.-- _t:_ ) cos ..... tU:'_:__ c()_- -I- - . ,, el)s-- cos -
4 ,, ' . ,,,,_f+_,, . I,
( ) ,:.(.,_), 7u, li!, uirr _ 4_ ':u
' a 2mr,r 4._r!t a, 4mrr,r 2n_r!/
r()s (22h)
.... ]2I'OS- tl COS • 2 HTr z - (I t)L'-,'' '._ ) b F(.-'![;) +( ,, ,
sin 2m_r.r sin 2"_rtt
(I, t)
r
] ') (:_ _ i, i3iV'"' V '';_' _ \":"' Eh.,, (m_r._ .. _(,.,:,-r!::{, )
LD-" / _ b l J
7
_t_,_ 2mmr 4n_rq 4m_r.r 2.rff
-- .... sill sill • -- ,) -: ...... sin sin
r,'"'r_+_,',_, ,, _ [(_'"0+("0-]-" " iLk. / _. b /J ,. _ , b (22c)
']'he diff_,rvHtial equation (8t') for ,,,<:" is now c()ml)lclcly ,'lelermined ex('vllt f()r wa. The condition
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thnt lhis ,'(lltntion ha.'.+ . _ohtli,)n for w u'> ,l,,-
t(.rmim,s lhe vahn(, of u':+ in the snm(, way in
whi('h the eonditioil that <,(luation (lS) h.d n
solution (hqormined the v_flu(, ()f w_. Thus,
, : '" +[ b ) w:, +:_l_/ib,,,i, i, ,
9f' 3 :::
a+: \b ,1 --:_l'2kbw, 2 \ a :
(2:_)
loss of gem,rality
], (24)
where 1%, is the btt('Mii,g lo_ul which ('4n I)o
i(h'ntifh'_l as ('qmd to I ':°) for given v_flu(,s of m
nzt(I ;_. With l "">) - l"., e(lmltion (24). chit I)o
written
l'== I '")>-+dl' '"
The set'trod apl)roxitmttion m_tv ll()w l)e writt(41
if vnlu(,s nr(, nssigne(I to the pert,u'lmtion Imrnm-
etor +. The s(,('ond .q)l)roxim.tti(m would in-
('hid(' .ll powers of _ through the fourth. ']'It('
formal solutioll of the set ()f e(lizntit)ns (S) is not
(mrrie<l h(,yoml 1his poinl for 1Fw <'oinl)ressi<)n
I)r()l)h,nt.
N()thing has I)('('n :.id so far it, this s(,('tion
nl)()ut the values that the [)arnnt(qer ,_ assumes
excopt that _ is nrbitrnry. ,";in<'(, P is the known
tot.l _tl)l)li<41 lond, tit(, m_lgnit,n(h, (}f whh'h ]ms
not been specified exw'pl to s_t.',_ l[utl it i: eqmtl
to <)r grent(,r th+tt, the Im('ktitL_ lo.d e mttv I)('
rt'htl(41 to 1' +is itl the fl)II<)wil_g (,<ltmti(m without
E(ltnnting cot,flit'it,nit of t.(ltt_tl powers ()f + in this
(41mtli(m wilh thnl, <)f eqtmtion (fl) yields
])(2) ]J,O)
l '(" () i'm" . >4
Altermltivoly, if _ }t,t(I been v('l.ted inste,td (,itht,r
to th(' v(,nt(,r d(,fh,('tiout, to the short(,tfing of the
h.uh'(l edges, or to some ()1her ('h.ra('t(,ristic
l)rOl)(,rty ()f th(, l)lnt(, hmdin_, thon llmt r(,l:ttion
would (h,t(,rminw tho 1'_'). lit _tt_v ease, the limtl
results would I)o mwha_god.
In ttw followin_ t'el,uio_ships, results for the
dt.fo,'m.ti(ms ttud hm_Is tire writlen in (.(itntli,t)_t
form for Ilu<, :('('()n<l .I)l)r(>ximatim+-
{ .,+++',,-_,')El" '"u .... 3(1 _ +62 I -- ./+ sitt a 2/ 4.;_r "
xiV. :_,/ r 1_± 1 2,mr,r+,,. =,,,._ : I7;,:+(__ _ 7_:+,_;, )+ :+1¢:_/3_--,u.-')1 sinL : t.-2 ]T?.,IZU#I- ' (I
/3:('q3 77'_i_'--3_.I_) _" :+ _ _':"_ 4;+2("27- 'u/7:_)] '2tt;_r,,'
-- -('_:' .... :+': (,+:+-I"_)_ } su,III 7: . " (l
/, . .2(4._ z/32)'_ . 2.;_.r 4;+_rq
-- L_ ;71_:' t t± 4;; /_l_ - ,'<)s '
'2 ,; _r . (/32_ 2) _ ./' a b
-- '" ('OS
+t 4;';.;-;'rsill a b J
4 .;:,r w:'+'[(3/3"--_,-') sin 4 m_.,"
tl
-- I ('()s":'
,,,+ - (4:3_ i:t:):' :: ,, ;,JJ 123.0
c:: --:_(,1_#2) t/ --4lhr _ .... t b 2: 4;,_r
2, _r?/ , 2m _-.r . 2. _r?/"]
b --4_r UOS Silt<, b I
J-_ .. lq I\ 1 2.._r?/_t- 1 _ :'(;It;:' /sJ2)shi 4,_-7/
+ 6+/w:+ "- L'L-- _ lt-, [_:+()+/--/_fJ:)_ _II_,)(3tV _/3:)1 slit b 4r;';r '_:+L _ o 2 ] 2/'; "it tJ
4,,,-,/ ,,_
.,,: . i,t ,,;+,?(, ,.,,s +"' :' J3, h ' --2_ (4S _ ;;:'):: / a ('25b)
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.... nW/2D_ sill mTr.,sin
"" a t,
+5 2 TY3sin nL_'r, sin _-I-u'l._ sin --a Sill b "
=(3, !!.,T"
-}-u:_, sin rt b /J (25c)
I' l)?r_ (,).,,_,, 2n_r!lA2. .... b b2- ._'0- cos b
%
E 2._rq .... _, 4mr!l+4_a _ (_--_I:)/) ('os -b' +.Ii, cos- b -
4_(¥1iP __:I:P) 2mTr,r 2tory
-I- ' I'( I,S - I'OS(_ .9 _ a b
4 It 4'_ lip 2 mtrx 4tory
(f_,,+4n.,)z cos - a cos --b -
,,''TP 4,._-.r 2_)!by]} {2,;a)
-i4-_ _+ .9 _l'`,'_ a ('os
N" [hr:' f 2 m7r.r
" _ b_ L2"_6 _cos (t -
2/#,Tra' . --(3_ 4 tit.,l"+4"_a 4 (_3--_'_:P) i'os .... +w,. cos - --' a " (I
4,_z_:_ , -- .
"-t- H.\ 1:4 _'l':'_'_ ) ) 2lt_Trd' 2tory(_:+._)_ cos- a- cos- b -
/J4_i::_' 2 m7r.r 4. Try
--t_ _ i74id)., cos ('l)_a -b-
---(41_2_ ,,,,2)z ('OS a cos b _]J (2li])
[--("1:_ _ ":. ) sill sill•\'_, S_ :_/'_:_])Tr _ ,) 7",,':" , _<:l 2m_r,r 2n_r!l
-- 'l"l :'; Sill - sill h(_2 +4.:,)_
_' :*_ 4 /n_r,r 2#t_rtlG
' :U Sill - Sill (2{;{')
)b ,>
f_i)_ _-('@_-'d):_ 3(1 #:') ¢'-'u,_
U-= /3,_._ := 4 D-'
mb
(I
-- P' 13 _ 31
' 2 ¢,4£,--
]'? i == :,; .........
"i.P (_'-F_)"9"-(fl'+"')"
Wh{'l'O
II I
--()
_t_._t -- 2 22 2-, 2 2
In oI'llel" [o O})t&ill the first-lll)llrox]nlllt]Oll l'l,slllts
from Ill{, equations given for Ill(, s{,c(m(I al)l)roxi-
mati(}li (eqs. (2(i)), simply omit till, l}itrt of w l]lat
has till' ('oefli('h'nl 5:_an(I till' I)lU'lS of tile other
results that hav{, t,h{, c(}efti('iun! 64.
.";e_l,rM resulls of illl{,rest can now t)_, written
down in s(,('ol](I lll)l)r()ximation. T{) obtain lilt
first .l}l)r(}xinlaiion from tll(,St' l'csulls, omit lhe
highest power o1'6 appearing in each oxpt'ession.
Tile total shortening ,I is the sum of iltl, inward
disp]i_cemeldS at ¢,aH_elM. Silw{, u is positive ill
l lt{, p¢)sitiw' ._-dii'('cl ion,
a: u ((},y)- u (, ,y) (27)
Ther{,f{w{',
b A ! (2s)
_r2 ],.2 (l 4_r:#,, 2
The {xtrl,nll'-libl'r bt'nding strain at the ('rest ol' a
1)u{'kl,, t_ is given l)y
(1&--,),;)
exb" 2 \. Ill
01'
3(1 -- ;-') b_
777',::p-_{.}_:',:P)t(29)
Till,, Xil.{,nle-[il)(,i' (.onll}ressivo stl'llin at till, ('rest
of it )u{']<]{' t_.o is the Slim of till' nliddh,-surfll('e
slrllil Illl(I till' Ill'riding strain just given. Tile
nlid(I e-Sill'[ill'l, sh'tiill IllilV ill' ()t)lilin('ll in 1wo WilVS
[l'()ili l}i{" restlils for (t{,[h,{.liitil_ and :41i't,_ses jllSt
Iziv{'il. It lntlv lie olfluinl,(I I)y {li[t't,i'{,lliillli()ll (if
lh{, d_,[Ol'lniilions (ellS. (4)) ()r I}y Ii ('lil('uhllion in
lerlil_ of sll'eS_es (ells. (2}}. The ri,suhsl)iitliinl'd
will ){, dilt'oi'{,ni for II l.tivon tll}l}l'()Xillllilil/ll (h,-
lit,lid lig t)li which ili{,lhol[ i,,4 ii_-;(,(l. Flu" {,Xiilill)h' ,
fOl' tilt' Sl'('OIl(I ltpl)l'OXilllll|iOIl, thl, sixlli i)()wPi" of
w{t Ihl alil)elU' ill lhc niiddh'-surflt('l' slrllins if
e(tuii ions (4) lu'{' used, whih' (}lily the f{iurih
l)owi, ' {if _ ,.vouhl lippt,llr if i,qllliliOllS {7) lll'l' uscd.
()[' t'l:lll'SO, in lhe ]iinil lhe i'osi,lls will ilT'l'l,i< The
illOSl COliSislenl wilv 1{) oblllin Ii given til)l}i'oxhlln-
lion v(}u]([ })t' })y t'(lUillilins (2), Sill('{, ])tlWI'I'S of e
ill)lleilr which ll.r{' (.OllSiSl{,lll with tluist, Ii1)t){,ili'illtZ
{,l._(,v,h{,i'{,. This Ill{qh()d yi{,hls,
<', ,-. )-1+o.,,
'"' Eli U ,2,, 2,, ij
LOADS AND I)EFORMATIONS OF BUCKLED ]{ECTANGULAR PLATES I ]
r,I herefor(+,
The effect iv(, wi(Ith b_ as dcfinc(I for example, in
rcferene(, 15, may also be of interest:
Substituting from equation (2S) for A results in
l'b
b, 4_:'i)
4,_D +a _ +_ _<_-
" i /
/ / //
re:l- ,.g .,,/
/1;//
2 __ ff
,ob orion
Ial
1 I t
0 2 4 6 8
rr2 h2 o
('0 (I,,b-- 1.
FIGURE I. - Nondimensional load-short(,ning curves ()f
rePl_tll_,ll['t,r Silll[)]y 8lll)l)orte(| i)]:ll[.s ill CO]lll)l(!_sion.
RESULTS
Before the ('quations just (h'rived ('an t)c used,
the numt)er of 1)ul!kh,s along the h,ngth m and the
nmnl)cr of l)u('kh,s ah)ng the width n must l)e
det(,vmincd. At t)uckling the small-d(,thwlion
(linear) th(,ory (h,t(,rmin(,s as the values of m 'm(l
*_ to be use(l the ones which yMd the lowest
])u(!kling h)ad. ]_oa(I-short(,ning ('urv(,s are shown
for both the first and second appro×imation in
figure ] for plates of various finite length-width
r,_tios ol)tain(,({ I)y usinb_ the vahws of m (n ahvays
equals rarity for (his probh,m) for h)w(,st buckling
load. In addition, h)a(l-shorlening ('in'yes are
given for other values of m whi('h interse('l with
th(,se basic curves for lh(, range ph)ttcd.
The inhq'sc(.tions of the load-shortening curves
indicate l)ossible changcs in I)uckle pattern. For
finite l)lates, changes in t)uckh, pallei'n are often
observed experimentally, and lhcy have been dis-
cussed on a sound theoretical t)asis in ri'l'er(m('c 16.
Ref(,rencc 16 l)resents an analysis of a simply sup-
ported three-element eohHnn eonneete(/ |)y linear
torsional springs and supported laterally by non-
linear extensional springs. This idealized structure
duplicates many of the important propcrlies of the
phil c; for exan}ph, the loa(l-shortcning curve asso-
ciated with the symmetric lmekling mode inter-
sects with that of the antisynmlctric nmdc. The
2
#19
4_r20
/i/-
/_tl I
3-, ,.(_
/77 = 2- *')"
/S/'_
_opDroxlmOllon
2 4 6 8
3(I-/z2) b 2 A
rr2 h 2 0
(b) a/b=_.S.
Flaunt." 1 .--Continued.
analysis also yields a transition curve (which tel)re-
sents a buckling eontiguration whMl is neither
symnlet, rie nor antisymnletric) from the symmetric
buckling configln'ation to the antisynuuctl'ie buck-
ling configuration. Change in bueldc pattern
starts to occur at a loading corresponding to the
intersection of the load-shortening curve for the
symmctrie buckle pattern and tile transit ion curve.
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l"l,',ll.tE t. ('mllimt,'(1.
Whtqh(,r this ('lmnge is smooth or ahrul)t d('l)('n(ls
<m wht, th(,r tilt, it'nnsiiioil <'in'v(, is stM)h, or tin-
stuhh', rl'sl)t'('tivt'ly. \Yilt, thl'r tilt, tr+tnsition ('urv('
i+ +tllt)h' i+ shown tl) (h'l)end itl)l)n the +titt'tt(,+s oi +
tl., nonlimmr sl)ri.gs nml ut)on ttu' nlt, thod or h)ad-
ing (('ontrolh,d Mul+ <'onirolle(l short(,ning). ]h)w-
.v{,r, till' lo.d (und shortening)_ll whi('h tim hu('Ht'
l)nttern sl_il'ts to ('hl)dtgt' (st.<,oil(hll'V I)url+Jin K) i_
inth,l>t,nth'nt o1' tht' metho(l ot' lottding. ,_e('t)n(hlr?.'
hit+'],: ing tdvvnys Ul,<.urrell l'ur l(itttls _tnll +h.rt(,ning'+
#retilt'r tintn tht)st' given hv tilt' htt(,rs('('ti()n ()I' tlt('
h)nll-.duu'tt,ning ('urv('+ "-:, [or the s3,1nln(qri<' _ind
nnli+ynml(,lril' t,(tuilil)rium (,i)lliigur;ltil)ns. ]r+ i}l'-
(h'r 1) <ll'l('rnlitu' lhl' stnliiliiv ()f till _'<luilil)riutn
I)<)_it on I'<lr the ('<)llltlltl ])t'()l)lt'lll sui)j(','t ll) n ('('r-
thin yl:,e .r ]o+uliniz, it ,,xms I.,(.i,ssury t(i (,xnnlint'
the :+,,'<'mill vnrinti(in <)t' tilt' t(flnl l)(lll,nlinl t,nt,rgy.
It w{ uhl h<, (,Xl)t,<'t(.I t}lnt su('ll It I)rul'l'tlm'l' v,t.fl<l
_lls(t I.. nt,<'t,+snry for t)hlt(' f)r,.fl)h'ill_.
)+( l,a g('+ in l,u('Idt, |)nttlu'n nt'e ii()l ('nh'uhit('<l for
tit(' ]}htlu_ l)r linit(, ]en_'lh-widlh rnli<i for tlm l)r(,s-
ellt nll_tlvsis h('i'ntist + t,r tli(, exttumivt' ('nll'uhitillns
rl,(tui.'i,(l, lll)v<('vt'r, I)relindtmry <'nh'uhtti()ns hn..'e
in(It(' tl(,ll ttltll l'<)r h,,lgth-wiltth rntil)+,.; It{'tir tinily
flu, _ilnn_'t' ill hu<'l,:h' l)tilt('rll Wl)uhl I)(, rnlh,,r
nbrut)t v,lu'reu+ l'or hiKher }t'ngtll-wi(Ith ntth)s
rhan+,,+('s hl l,u('l&' ])tltlel'll w()uhl bt, <'milhltlu|I+ (+1",
nt M sl, wuuht Im h's_ nhrulH.
Fo" nn infinituly lon_ plnl_' llu, nutnhur or
hm,ke_ nhmg the h,n_zlh i_ itlliliitu (_1_ .oo I lint
ihe ttiio (fl' 1he nutnl)er or bm,kh,_ to 11u, hqigth
._y'_ is linit,'. The inv,,r,+.(, of thi_ rlltil)is the
hiwl.; t' h*ngth _,'_,_, ',vhiMl fur infiniteI)htles wouhl
l)l' l'.',l)e('t('<l l<) ('hlinge ('<mthitt()usl.v tls Ill,' h)nlling
t)l'()gi ('sSl'S. (,'4t'(' I'OJ'S. "7 itll(I S.) The Int('I,:h' ]etli:'lh
I't)r II gi'¢t'li sh()rlt'ilill_' w<)uhl lie su<'h llilil the l()ti<l
Ill l)
is n iilhiiniuni. Villties u[ lilt' i'ilti() j I'()r
(!
inhiilluin ioll(l nn(l llu, ('()l'rest)(utdht 7 viiliil,s {)1'
l()lid iin(l sli()l'll'nhi 7' tirt, +i_,{'ii in flit)h, I+ 'l']l(,,-+t,
LOADS ANI) I)EFORMATIONS OF BUCKI_EI) ICECTANGULAI_ PLATES
"FABLI+] 1. B[7(_t(IA,; WII)TII-LEN(',TIt I{ATI() 2
ANI) C()I),RESI'()NI)IN(; I,()AI)S ANI)
SII()RTENIN(;S F()R AN INFINITEI,Y
L()N(L SIMI'I,Y SUt'I'()I(TEI) I'LATE
IN L()N(;ITUI)INAL ('()MI'I_I,;SSI()N
1st approxiinali(m 2n(t al)l)roxinutli(ni
l'b_ . __
4_'21)
3(I #'2) h_ A H 3{1 /_)b_ A
1 I 1 I 1
l.()5 l.()-15 I. Ill l.(i-lD l. l0
i_:_ .2(1 I 73 l 20 1 71
',: I. 3(1 2.-ll I. 31 2..Ill
1
.(95 I. 3,) 3 27 I..12 3. ,i2
2. 25 I..15 i. ()5 i. 51 ,. 37
2. (;S I. 52 5. 2O i. (_1 5. sS
valn('s w('re tise(I lo I)lol the l()ll(I-sll()i'l(,liitig ('ili'VO._
for ill(, illfinil(, i)]ale in liT'ln'e 1 ((,). Nol(, tii)ll 111(,
i'esulls giVilig lti(, lowest ]()ii(I for il givt, n sil()rlenilil.e
f()i" h'n_'lh-whlih l'ali()_ O allll 4 (fi<.,'s. 1 (v)lilid (d))
(i¢) liol differ illti(']i ['l'()ni Ill(, hlfiniie-plnie I'p_ulls.
Indeed, lhe hifhiiie-l)]ate ('lll'V(,7 r()l.lii llli env(,hil)e
ft)l' Ill(, finit(,-lilll((! ('tli'V(,_.
An hi(li('iilion of lln, ('()liV(q'_'(,Ii(.(, ()[' lll(, i'(,_lill_
o1' Sl.l(,ll Itli llitalysi_ is lhe llgl'(q,liilgil t)(,Iwp(ql lhe
]asl lil)t)l'()xinialioii liil(I ill(, iinln(qlillll,lv [)i'ovi()ll_
al)l)roxinillli()n. Froin figure I, saiisfa('l()ry ('Oll-
vlq'g(,li('(, is hi(livlile(I hi (lie I'lillg(, i)]()ll(,(I shl('(; lhe
('lll'V('._ of lll(' th'si lilid st'('()iill li])])i'oxiitialioli lie
rpli_Oliai)lv ('lo._e log[>iti(q'. (_OliV(T_'(,li('e i_ ])ellel'
for lU'lir]v _(lUal'(, lnl('l,;les ('l,b l) lhlin for higher
• \ £1
Va]U('_ o1' /lib.
f#
EXTENSION.'.7. TO OTIt Ell PROIII, EM_
[11 till' flil'('7'Oill< 7 ('Xalll])](' ])rol)h,ln II1] o[' I]11'
differ('illial (,(lultlions were solved I)3- hisl)(,<.tion.
()r v()tll._e, for soiii(! ()iher l)i'()t)hqn_, il niiglil lie
lllq'osS_il'y 1o s()lve liie (liff(,r(,nlial i,(llllllil)liS t)v
olher iiielho(ls. ']'li(, ._iel)s hi the i/lilil)_si_ of li
7'iv('n I)rolihqii Ii1"(, e:_._eiliildlv iildet)en(i(,nl of the
nielh()(l i.)l' _()hili()il of ('ll(']i of lhe ([itl'('r('illilil
e(tualioli_ htvolvc(I.
F()i' (lie ('Xalii])l(, i)l'Ot)](,ni Ill(' al'i)ill'al'y ])lil'Itill-
eier _ v,ii_ ill],;en equal to (lie S(tll;il'(, 1'ool of
(71>--1 ><,)<I,,<,. This pill'Itlllt'l(q* ('Otl](] jllSl liS well
hliV(' ])('l'll r('lat('(I to the sh()rl('liin_ ()r the ('('ill('i'
(]('f]('('li()ll. For Olll(,l' ])l'()])](,lllS it, Ii111)" t)( _,(*OllV(,ll-
it'lil l() i'('[al(, Ih(_ lii'l)ili'ai'y ])_li'alil(,l(q' Io SOlll(,
o111('1' l)r()l)i,rly. For t'Xitllli)h,, ill it lli('l'lillil I)ll('k-
|illg" [)l'Ol)](,lli (Its is I() 1)(, .'.4[lOWli in II SIl})S(,(]ll(,iil
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s('cihili) the arbitrary ])ai'liiii(,l(,l' iilit)" I)(, r(,hlli,d
1o lhe iiVPl'ilg(, ris(, hi l('nil)prlllure tipyoii(i liiat
reqtiired for buckling.
In ('erlliin prol)h,ni_ sll(']l li._ lln, l)o._lt)llV]diiig
t)oliltvi(ir ot' li l'(,('lllll_2'llllil' ])]lii(, wiih inilia] i)('(*(,11 -
ll'i('ili(,s o1' wilh llil('i'itl h)a(I, siinilar (,xi)allSiOllS in
._(,l'i(,s (1o liOl ](,lid to lhl(,ar (,(llliilioils. FoF Stl(']i
('lls(,s oliil,r lll(,lho(ls lllllSl })t, us(,(I. ]11 Sl)lll(, ])r()l)-
l('liiS ['()i' whi('h silnilar (,×])allSiOll_ (]() h,n(I to ]iii(,ai'
('(tunlioll_, lli('re liill.v })l., I'ali_'(',,-; where i'eslihs fr()ni
llll,S(, (,(lllillil)llS (lo ilOl ('OllVi'l'g(' rlll)i(]l)-. Thl' use-
fuhl('ss o1' ill(' lii('lh()d IlS('(I o1' ill(' sol of ]ili('lil*
O([llilliOllS ol)lain(,(I ill (his itlliilx,.'sis d(,i)l,li(ls lhlqi
(o il l(..t'l'(,lil exlenl Oll (lie lyi)e (if ]arge-(hqh,(.thiii
1)rol)lelil for wlii(_h Ii soluli()n is (l(,sire(I.
(!OMPARISONS OF (:OMPRESSION THEORETI('AL
RESULTS WITH OTHER RESULTS
Irt iliis s(,(qion the th(,()r(,ih'a] i'(,sulls ()[' ilw
(,Xiilii])i(, [)llil(, (.()llll)l'(,sSiOli ])l'()l)l(,lli lifo ('()lll[)lil'('(l
wiili lh(' I)psl iivaihil)h' previous l}l(,()i'(qi<'lii
i'(,_llllS salisf.vin 7' I ln, ._lillio l)()tlli(hii'v ('()il(]ili()ii_
illl(] willi ('Xl)('i'illl('lll.
(_OMPARISONS W1TIt THEORY
F()r the S(lUlir(, l)]li(( , l)u('l,:ling ini() a S(tliiti'(,
I)ut'l,;h, (x. :1) 1)olii I,('v)," (r('f. 9) illl(] Al(,x(,(,v
(r('f. 13)o])lilill(ql ('Xil('l s()luli()ns. ]_'()r il S(]llllt'(,
l)]lil(, bll('kliil_' in(() lW() I)n('i,;le_ (11_..... 2), ()nlv
AI('xo('v ()l)taine(I il.)l ('xlt('t solnli(in. F(n' the
l'lill_2"p sh(lv¢li in figure 1, Ilie ])i'(,s(qil i'esn]ls
f()l' lhe s(,(.()ild nlil)rt)xiiulilion il_2"l'po wilh ill(,
I'('SIIIIs Of ],*C'VV llll(I Al(,x(,(,v. Th(, lilllil'cli(,li]
(,xl)l'(,ssiolls ()[' lh(, I)r(,s(,lll lii(,()rv s}lOll](I I)(, ill(il'(,
(.()liV(,lii(qii io llS(,_ sin('(, lti(,v _11'(, given in shnl)hq'
['() I'111.
For f)|ill(,s ()f viii'ioiis ()(h(,l' [illil(, ](qi_'lh-wi(]iii
l'lili()_, ])l'(,viOtl,_ i'eSIl|l_ lir(, liVil.i]ilt)](, t'()l' lh(,
inilill] slop(, ilfl('l' l)ll('],:lili 7. .'is ('llll ])p S('('ll fl'Olll
tiglll'(' 1, fill' SOIII(' ](!llTlli-Wi(]lli rail(is used.
,_ll'liig]il-lhl(, load-,_horleniilg ('lli'Vps I)lisp(] ()n
tJl(,se inilil/l slopes v,()uhl giv(, Ililllul.v ]liT'h(,i'
llii:u]s for giv(,ii shoi'lelliligS evlq'vwhpr(, ill lin'
I)()silnl('ldhig I'lili_2'(i ('XVel)t hnnu,(liliielv lifI[,i"
tm(,i,;linT'.
The t)(,si livllilal)h, ])l'(,violls i'(,Sll[IS for lhl,
infinil(,iv ]olll._ 1)]li((,s lifo i]l()_(' ()f K()il('i' (i'('f. _).
,_._ sliowii hi figiii'(> "2 l]i(' I'('_ll|is ()f lh(' s()lution
of l(()ii(q' lili(l llie sohlli()li of Xlai'gllt'lT(' (i'e['.. ti)
follow tile ('lll'Ve I:)_' ihe th's( lit)])i'OXiliilili()li ()f 117('
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Iq(:VRE 2. (?omt)arisons of theoretical n()ndimensional
h):ul-sh(wl<ming curves for an intinitely long simply sup-
l)orted plate it) hm_itudinM compression.
present theory in the h)wer t)art of the post-
buckling rang(,. In (hi, Ul)l)er part of th(, rang(,
Nhu'guerre's sohHion eonlinu(_s to folh)w the
fir:t approximation whereas Koil(,r's solution
de,,'iatvs slightly fi'om the th'st approximation
in tim direelion (ff the se(.ond approximation as
shown I)v the dotted line in figure '2. The resulls
()f lh(, second alil)roxinlalion give h)w(,r mort,
at'i'm'a((, h)a(ls than pr(,vi()us result:.
COMPARISONS _TI'H EXPERIMENT
To obtain simply SUl)l)orl(,al h)ade(l edges is
iml)ra('ti('al in lal)oralory (,xp(,rim(mls. Th(,
experimental results were therefor(, ol)lained for
I)an('Is sul)je('t (o "flat end" loading which r(,-
suits in almost (.omph,t(, ('laml)ing of lh(, loa(h,(l
(,(Ig(,s. l[ow(,v(,r, if the panel l(,st(,d is hmg
('Oral)areal with its width (say, of h, ngth-width
ratio 4 or greater), the siz(, and shap(, of th(,
})tl('kles near th(' ('(qll(,r are almost Ul|affe('te([
l)y this ('lamping. The exl)eriin(,ntal r(,sults
whi('h are ('oml)are(l with theory are for panels
that have a length-width ratio of at least 4.
I[en('e, at least ('(,rtain of the exp(,rim(,ntal vahws
ol)(ained shouh! b(, dire(qly ('omparabh, to the
simply supl)or(ed lheoreti('al results. As stated
in a previous se('tion, the theor(qical results fi)r
h,ngth-width ratios 2 and 4 are not. very differell(
from the results for the infinite plata. Thus,
the exp,rimental r(,sults may I)(, ('Oral)areal to tlm
t,heoretical results for t h(_ infinit(: plat(,. Su('h
(,ompar_sons at(, shown in figur(,s 3 to 6, whi('h
will now be (lis('ussed in (let all.
A comparison with th(,ory is iir(,s(,nte(l in
figure 3 of lhe (,Xl)('rimental loa(l-short(,ning
curve f,)r a test ((les(.ribed in th(, al)p(,ndix) of a,
plate supported by th(: multil)h,-l)ay fixture.
The experimenlal (,urvc shows a hruI)t (,ha nges
('orr(,sp.n(ling to al)rul)t (,hang(,s in l)u(:kh, pal l(,rn
from 5 )o 6 to 7 (o 8 Imcld(,s whih, (hi, theoretical
i'm'v(,, which is base(l on continuous change in
I)u(,lde pattern, is smooth.
( t)b -9"_
Also shown is th(, h)ad \4rr'q)-'/ wh(,n stra.in
gages at t hi; crest., of a buckh, indicated the i)lal(:
nlaterial had 1)een strained iuto the plastic range.
The typ(', of ehang(,s of buclde l)attern obtain(,d
with a hy(lraulic-tyl)e testing machin(, is similar
lo tlni!_ (h,seril)(,(l for _. (.onlrolh,(l-shortening
tyl)c of h)a(ling in referen('e 16. In ('onsid(,ra(ion
of the l)ra('tical difli('ulti(,s of m(,asuring total
short(ruing, such as how to account for tim bend-
ing of tim t(,st.ing-ma(dfin(, l)lat(,ns, (hi, l)r(,sent
agr(,t'mcnt })(,twe(!n exl)('rinlenl an(l th(,ory is
good.
Bending strains at lh(, (')'(,st of a l)u('Ide for t h(,
same l.(.st a.re I)[olt(,d against load a.n(l (,onH)ar(,([
with tle present lh(,or(,(i('al results in figur(, 4.
Again (hi, abrupt ('hanges in lh(, (,Xl)(,rim(,nlal
r(,sults do not a l)i)(mr in lh(, theoreti('al resulls.
Th(, agre(,m(,n_ betw(,(,n th(,ory a.n(l (,Xl)(,rim(,nl,
is goo(t
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In figure 5 th(, eXl)(,rim(,ntally m(,asm',,d strains
at the (west of the t)u('kh, of four stitf(m(,d I)am'ls
(h,s('ril)ed in lh,, al)l)en(lix are ph,tld against
s(iffen(,r strain and COml)arod wilh the l)roscnt
th(,ory. For tiffs set of tests no (,h,ng(,s were
ol)s(,rve(l in the numt)(,r of l)u('kh,s from lhe
number whbh al)l)ear('_l at initial budding. In
th(, ]ighl of I)rovious discussions this is (tui(e
surprising. However, il is (tulle l)<,ssihh, that
the e(mtrally loca t(,d t)u<'kh,s couhl have (4mng,,d
shop(, as the h)ad l)rogressod, lhwkh,s at tlw
Exper_menl /
Elastic Plastic _ _//
O 78.4 _' ,,'
o • 65.5 / ,"
,5 • 48.2 / /"
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FIc, Ul{E 5.---Coral)orisons of extreme fiber _trains at the
crest of a buckle as _ivcn by (cb.stic) theory and cxperi-
menL (_=1/3.)
loaded edges could have increased in length whih,
centrally h)ca(ed buckles decreas,,d in h,ngth.
Also the edge restraint offore(J 1)y the st iff,,m,r
probably (h,('reased as the loading progressed and
thus allowed the bu('kles to t)(,come wider. Both
of t.h(,se effects wouhl ('ontribute to smooth and
continuous chang(, in bu(.kh_ imUern similar to
lhat of the infinite plate. From the cOral)orison
of the results shown, it, is evidenl tha! ahhough
the data show scatter at 1)uekling, the lh,,(,ry
for simply supl)ortd plate gives strains at the
('rest of the t)u('kle that agree with practical
experiment in the posttmclding range.
In figure 6 buckle depths measured from _ series
of tests at Imngley on l)anels with hal-section
stiffeners are plotted against stiffener strain and
are compm'ed with theory. There is a consi(h,rahh,
scatter in (,xI)erim(,ntal resuhs. However, it illav
be stated lhat ill the t)ostl)u('kling I'fl,II_ZP, theo-
r(qi('al results for the depth of buckle of siml)ly
sul)t)orto(I phdes agree with ext)(,rinlental results
on such i)ra(qical stiffened panels.
TEMPERATURE PROBLEMS
When a siml)ly sul)port(,d re('tangular plate wit h
unrestride(l in-plane disl)la('(,ment of its (,(Ig,,s is
sul)je(q(,d to a uniform lemperature ]'is(,, the ])late
sim])ly expands and does not t)u('kh,, floweret,
when th(, in-i)htn(, displa(.(,m(,nt of the' e(Igt,s is
reslri('iml, tim l)lah' may l)u('kh,. Three sets of
boundary conditions restricling th(' in-l)lnne dis-
t)la('em('n! .tr(, (',)nsi,h,red in this se('tion:
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F]cuI_E 6.--Comparisons of buckle depth as given t)y
theory and experiment. (#=1/3.)
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(1) Zero disl)hl('enienl norinn] to the short edges,
uiiiforni disphl('enieni norntl/l lo (he h)ng
edges, (ill edges fro(' of Slielll'.
(:2) Zero (list)li/('eliienl noi'nlli| to all edges, all
edges free of sil(,ar.
(3) Zero (lisl)ln('enieni o[ all edges.
[_]xl'et)t ['or Ihe third proOlelii Ill(, so|tlliOliS lii'e very
sinlihir to tlilll of lhe conlliression prol)h,ni. Tll(,
SOhltion of lhc fi)Howing inlhlilo ])hlle ])roi)hqn is
lhc linlilin_z cllse for t)olh the second illid third
])rohlelns hi(licllled lll)OV(% illl(i ii is ('onsi(h,re(I
Selinrlilely.
4) lnlinilely hililZ l)hite with zero iil-l)|llil(' dis-
i)llluelllt,lll (if all cdlzes.
I_'irsl lhe Yiii'iOllS sohlliOliS lii'c t)resenled ill
c(itliilioli f()l'lil; theli Clll'V('S sillii|lii' I() llle hnid-
shol'leililig cllrves of lilt' COlill)l'eSSiOll l)i'oi)|elii lll'e
i)resenie([ tln(t (liscusse(1. [n all lhe l)rol)h,nis Ilia,
[iililerhil lirOliei'lh's Ill'(' ilSSHllled lo lie indel)enih'iil
of Icllll)erlil Ill'('.
SOLUTIONN
Problem 1 : Zero in-plane displacement normal
to the short edges, \Vilh tli(, origin in lh(, lihtle
(,Ol'lit,l', lhe t)miiid_irv ('on(iili(ms [()r Z(,l'O ili-I)llllie
(lislihl(,(,nieiil liOl'lilill Io lhe shorl edges ('ill( t)('
wril I('11 :
Zero (h'lh'rihm :
u'(,(I q) '(_t tI) w(.r I)) u'(.r,tJ) [)
Zlq'o lllOlll(,ll[ :
u' _+(li,q) w,_(_#,!ll : 'r,,l,;(,r,ti) :: ic v,,(,r b) (I
Zero (]isl)hl('eilil'lil "
,'(0,1/') u <#,_1) t)
( 'oliSl iilll (tisl)hicenient"
v,A/'.(I) : v,+(.r,b) 0
Zt, l'(i silellr SlI'('NS:
_',(0 q -r,ga !1) ,,,,(._',lt) :u,,,{J',/J)-::O
l'nh)lldcd edges:
f° (.\;), .....,,d.,'=O
Jn order Io attply Iht, se condilions to the set of
linear e(lUlliiOliS (_), suhslilnle in llw 1)oun(hir)"
(,Olillil Oils lhe t,xl)i'(,ssioiis (5) ror u., r, lln(l It,.
It is 4(,l,i1 tlnil t1 <:"), #tO'i, w °'' iilusi in(livi(lulllly
satisfy ltll 1)ul the IllS( (if lhe honndliry (!()ndili()ns.
The condition for the unloilded edges is equivli-
|ent to equtltions (1 l). The ieniperiilur(, rise 7' in
ill|ten io l)e unil'ornl and liierefor(' tile 7 '(') lil'e
('OilS1 tllllS.
_oluliOliS of c(tnlitions (_li,) for 'u (°) liiid /_(°l lhlit
Siliisf', the I)ollll(]lli')" (,OlldiliollS lifo
u !°) (i "l
t {:r2)- (i +v) <_'1'('_(,t/--,,pql)
so lhn!
,%
\; "_ -- lqh<_7":I"L
r,_ : .\+,, ' t)
(:}:;)
Tli( sohithlii, except for (,l(,iiil'llllii'_ (!hiilil_(!_ , in
"it...... : tl for .>4
'i'll( s()lllii()ii i() lhis ])r()l)h,nl ('illl hi, ll(hll)le(t
l'l'Olll lh(' SO]llliOil for the ('Ollll)l'('sSiOll l)r()t)h'ni
{('(|_. {23')I(11(1 (')[i))IIS folhiws:
[ \.1' l"
eli (),,,it t;i-,_,)t(,,.,,,s i,, ,.
,/_ l_
(9:) ('haligC the (,oet|i(,h,ills (it' lhe (h 2 ] lei'lllS
in r I)v:
l>h :l(l "- /x) (1--#") tF ,.,
(I) Rcl)hicing--u 47r._,11 by, -Tr" hTo_ 1
llllll
sc(,n i¢) lle i_h,nlicll] lo lhe solulion lo lhe (7()lil-
i)i'essiqiii liroitielii. ]+'()l' liiis sob(lion, tim i)nriili/-
tier _ will he reliile(] I(( /he lenll)cralnr(' rise 7" (is
hi tile t]ilhiwing' e(tulllhtn (whli i1() ]()ss hi _'l, ll-
ei'lllil._ )
._,_T 7',., (:u)
whet(' "/'<,, is the lenil)ernlure rise for I)uckling
v,'hi(qi ('IIII I((' id('lilitie(I (is equal to 7 '':'n for gi',en
vlillie_ o[ m lili(I #_. Ii ['o]lll'ws ltnit
F[ '"" {+[ ""_7:
1":-': <' I<:D_ d'/)
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(b) liel)laring .)-
(c) liel)laring 6_:_t 2 by 61_:_(/2 _-pD")
I'
(4) R('l)hl('(, lhe-- b- |tWill ill _'z ])V
I)W2[ 12(1--S) b: ..
b_ _ 7r_ h_at 2S6" 4fl_5_:3J
(41 tie_h,til., ihe I)arameters 6-_ml{l 7F:_.s follows:
12 (1:--_'), h:/#(_7'_:-- i¢'] 2
"IF-
;{_i4 /¢ i
u's :'2 :_'t "_
Problem 2: Zero in-plane displacement normal
to all edges. With the o,'ig'in in lhe rm'm,r _l,<in
lhe Itreviou_ 1)folderol, the t.m_M:lry roudilio._
for zrro i.-phme ilispl.r_'melll I.wlmd I_).ll i,ilg'e_
rail lw writlel_:
As in tlw previous leml)mllure probh,m, let
7' 7%
E 2 =_
7%
,wd it follows thai
7"_= 7'""= :7'_,::=/_11 p) Fi'"_Y+{"_q]
/:/,_ U, ,, I _ t, t j_ (:_7)0 for H__4
The solulion io lhis lwoldem nmv M, 'M_qtled
from l|w COml)re._shm I)rolth'm (eqm (25) _ml
(2%), n, follow_
(:r 1)1) Omi! the _--_ lermsinu.
2) Omil the_,b 2! lerm'_ in r.
],
(4) 1l_'1)1_('_' the lerlll--(- i. ,\_ ILv
Zero delh,ulion :
m(ll.y):=u'(¢t. V :: w a'.()) u.(.r b) : (1
Z('l'() IllOllll'lll :
/)Tr-' ( 12(1 t _) b_
-- 1/2 _ _.2, ]t _ t_ 7'
--2£' #: i p,___4b_ S ! _': 7/=.,)1 /Z' 1 pc .
Zi,ro disl)l_.'eme.1 :
.(0,:t) .(.,,/) ....r(,,'.l_): r(;,:,t_): I_
Zero shc,ar ,_Ir(,_,_:
_',_((),yD -,,_(.,y)-- _._i.,'.(() - .,_,(.r.b) -0
'l'he_e r(t.diti(ms Inu._l nl_o hold for the vMu('._
.u('> /"), .,d .,("). A_:ai_ 1}.. v_hlrs of 7"(')
II 1'(' ('ItlINIHIII.
Noluticms of e(lm_li-._ (S.) tirol _tist'y the
houndary r(HMilio_s arc u"':': r ('' ()sit thai
.... _..... IEh _7,,:_, l
rHH
(4) l.._ert I'olhnvi_.4' term i. A',:
Ihr211211 _[) b_
-- b-' , _-' h: _7'
1 _" l y' ' /
(5) lil'lh'fil., 6 2 --':_' -- I1/_13 _ l/_, b aiHI _:_ as follows:
12(I t p) b' (_7,(B:,4 n:)--(B-' + ,,:):'
71"2 112 "
6_::: ( 1--p_) -
:_;-p_')(_:,_ , ,_)74UB-)/
'-2,,
i'/13 Ntr(t_ = tgn
U!d = ) (1---p:')
' : (g--S)(5''+,_ .4_:,:
II 4
Agaiw it ran It(, _een llmt the ._olulim_ (,xc('l)l for
some ehmwnlm'v ('l.mg'l's is identi('al lo llw
sohlliou for lhe comprl,ssiot_ ]_r.bh,m.
Problem 3: Zero in-plane displacement of all
edges. With the ori_iw in 11.' ('orm,r _ iu 1t.'
previou._ prolth,ms Ihe I.mnd.ry rondilio.._ for
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zero ill-1)laue dist)lar(,nwnl of all edges caut)(,
writ ten :
Zt,t'(i dtdh,('tiou :
.,(0,y) = ,c(a..q)-: teD',(1) .'D',b)-0
The s,diztious for u 12)and v 12_are not, obtainld)le
tzs easil/ as in the previous cases because the
houudai v (,Oildilions for this case ('lzmlof I)l; sat is-
fled by a few simple tz'igonomelrie, expressions.
If the soliltioll is taken in the f(irUl
Zoi'o memO.lit :
.,,./0,y) -- w,_/a,y) = w,._(x,0) -= .', _/.r,b) - 0
Zero displa('(.ml.nt ou all edges"
'_/_ l_'-- 0
Tllese equatious must also hohl for the vahles
u "_), ,,("), w "). Again the values of :/'(') are
coustaiit.
Solutions of equations (8a) that satisfy the
llouudm'y conditions are u (°)- c<°)-- 0 so t hat
,-x--A_-- 1 _ _" (38)
ri0) J
The sohtliolis fi)r w °) and T (°) are identical in
forlll io l]le [)l'(,vi(illS ('list,
__ /:,_"qu'_n--u'_ sin m_r.l_siu --' (;_9)(1, _)
mx_ 2 . / nw\2-]
T(.I :I)(,(1--v),t_ [(. <t ) +t-b) J (40)
, (_) _Ci: V .... |tY_Tr. 2tI:B'S'_" 2tory A'I'I
. w_::F . . . 1 nTri 2mrr \ . 2mrll-1
r _'= ,> /ni,r,y)+:, _--/cos - '--l} Sill - . '/
_L ' 2 o\ a / o j
(41)
the equations giviug _ and ll whi('h n re olit_iiued
fronl eq!lat,iollS 18(') ltre
_ __1--#_ __1+# O mTr(nTr)2siu2mlrx]
f-
1 k#. __1--# ,) n_r [m_'] _ . 2n_'yl
- 2 _,z.--',_'v-I---i_ "q,.rs=---P. b-t o-) Sill -]--J
(42)
with b(,undlu'y vou(litions thai _-17--O on nl]
('(l_z('s. in "ldditi(tli { i_ lluli._yiniul,tri(' iu lhe
x-dire(,ti ill alid ._)_niiiioll'i(, iu the y-dirlwtiou lillil v#
is Itliiis)nlnilgl'i(' ili ltie ?/-(liro('lhill lili(l s)'inliii,trh"
hi lh(, :,'.-(|h'e('ih)li. Fourh,r ,_(,i'h,_ wiih'h slll isfy
|lOilii(hil)" Itlid SVliiiiietri(' (!Olidilh)li_ torin b v leriii
['tit' tilt' ulikliOWlI _ alld i7 Ill'('
%
_J _ 7'71".1" '" |
_= _ _,, <t,, siu Sill ,7:77ti= 2,4 j= 1,3 11
_=_,, _,, b,s shl - sin
_=,,',_s=2,i 7z
Using t]loSO series for _ and ll in UOlljunei, ion with lhe , hllerkin nletho(l leads to
pair of linear algebraic equlttiollS which detl, rnlille a 0 all(| b,s
(4:0
the followiuE
') " " " " l
(r=.,4, • , ._'=I,:L • .)
(r----l,3,...;,_' 2,4,...)
(44)
whlu'e (L.2,_ and 8_.2_ are the Kroneker deltas, which are defined so as to vanish if the subscripts
are different and to equal unify if the subseripts are the same. The numt)er of (tifferent ais and
bu required for ('Olivorgonce will depend eli the 1)u('kle COl flgtlralioli conshlered.
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If. for exanq)h,, Ill(, square plate that hns bu('kh,d into one bu('kh' is considered (hi _a/h--1),
the ft)lh)win V valu(,s ft)r tim mos! iml)orhm! of the t'oe[lit'i(mls a,j- and bu are t)hlainotl"
a,_- b_.--0.2202(8#/a) ]
e_:3 b._:= 0 ()595(gu/a)
(45)
a:_=b:.2 ().01S7(S_/a)
a_7--b72 ().00S6(8#/'a)
Once the values of a u and bu are timud, the solution may be comimwd
mTr' _ l--cos a )-t-(,_ _,_,
') ' ll_ - - IDTr.£
..,
:,_ +x;,,, ...... i-. +,-ss ..o_._-'"'_--, )+'_(,,)U ,_os b.)+_,,,4._,.l (4_)JV(O) V(,t ) E]_ w, _
and _'_ may be ol)taint,d from
t'"t TM m_,rnTrflIr v_".,__ v("_v, ,')_( v(:_. y_. ), ., .... " N(})) , ("4-2(A;,_-_ )_t,..,,] sin- sin d.rdq-_0
t l), ql (1
The solution for w_ in terms of the a u anti b u is ns folh)ws:
w,_:,(_(,4 ,,,).',._ Ff""Y+/""'f-IL,_.iT/ \ b I J- {:{ [(5i ) "'k ,Y-,/ (-E) +(._,-)J_'_ '"_'q
r(,,,,Y+,(,,-;] ' r(",'7+, s(l 2m, #
,, L\ a / j-_'ff',:, ./'--b L.b. \ ".'a,=,,'_ ' "_
lltlr 2 lt'lr 2 (47)
The first _q)l)r.xinmtim_ m.y now I)e written if
values are assigned to th(' l)erlurl)nlit)n l)aramel('r
_. The s()luli(m for lifts l)r.hlem is not carried
l)evond lhe first al)proximalit)n be(muse t)l' the
('()mlJexily of th(, amd.vsis.
;ks in lhe (Hh(,r l(,mperalure l)ro]_]ems, there is
tit) loss iu geut,rnlity if
and it follows Ilutl
T(_:, :: ?"(I)) = "1",., L]'I'(": 0 for n>4 (4S)
Results for the dt,lleclions anti stresses are
written in ('(tualit)l_ form fi)r lit,' tiE'st _tl)l)roxima-
1it)u, as follows :
t-' 1Va 6'-'[ _
_: 3(l--W) b_- 3,L_- sin 2n_-,,'(a cos 2,_._/)b-- 1
+ _ _,;_ ii
i=2,4 j=l,3
c=:¢('l_#O _= _t_- cos , 1 '_--)_-._1
1 b,-% _,,.. 17r.r . "_!'-]
-'[-o-:;2_ _ .2, O,./SlII _-/Sill j {b._]•-, 7r"/= 1,3 j=2,4 (491L)
2h6 m _r.r . . rqt
w ...... si. -- sm (49c)
_:3(I --/) a b
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I/lid
V l)Tr_--l" 12(l+u) b_ ,,,
Jr" ;ai/cos hr.r Sill jry
=.,4j=l.:, . b
° i_-.,' i_._/7"t
: - ..:: ip./'
tl / D
;.."Jr- b ,ib,.; Sill ('OS "lTr_'l
rr i= I,:; j='2, t 11 b
b:
+ _.7 _ ;",J cos ii-sln'/ (SiIh)
'U (/7'r i=2,1 j= 1,3
"\':_' b_ I _ ,u i=:_,4_=t,:_ a
+ t, ..... ;_-.,. .b_:/_: _ _ ;b,,eos sin ;,()(,)
¢17r i=L:_ i=_,,4 rl t) ]
"_V h U I'0
"" 1
--4.(.:-f _3-7 -,; b, .,, +(3-L-. -')
71"- /=l,g '-
, " 5:,, ; )]r-j:_ .... j: " r"i=l,:_ '- _:4.:
i51)
nml a,j _lnd hu m'e given I_y e(tlmli(ms (44).
Problem 4: Infinitely long plate with zero
in-plane displacement of all edges. Tim next
Ilrollh'nl ('()l_idered is Ihe l)(l_ll)u('l,:linff I)(.hnvi.r
of a simply SUl)l)orle(l inlinilely lm_ff plait' sntlje.l
I() n unit'orm lelnllpr_llHre rise witt_ zero in-i)l,l.,
di_phw(,menl of all edg(,s. ()nlv lhe tmcl.:h! Imt-
lurn wilh ore, Iltwl._h, in the hm.z dir(wtiml ¢%-
limh'ic_d Imcklinff) is eXnnlin(,d. ¢_yli_.lrical I)twk-
ling o.curs for llw hnx'_,st llucldin._ load, _lnd tm
(']mnge in ill(' tmcl,:h' l)altern is imli('at(,(I.
For finis case the d('lh'('liml w n(u'nml Io Ih(,
l)lale and th. disllhw('menl _' IllllV 1,, ('o.:i,h.r_.(I
to Ill, fmwtions of y only and ltn, dist)la(_ement u is
zero (,v.,ryulwre. Wilh the origin along tile
lower (,(i,_(, of an infinite I)lme of width b, the
rem.inir_ Iiound_ry conditions m_tv he wrillcn
Zero defh'('l iml:
.,(I)) :: w(b):: t)
Z('I'() lllO'll('lll:
.%,,(ti) - .',_.,(h) -- ()
Zero disldaCemenl:
r(()) -- r(b) --./1
In order to apply lh(,s(, ('on(till(InS to tilt, (h'riv(!d
e(tm_li(m:-:, inserl expressions (5) for _, and w.
]t iN se,'n llml c_'" and .,'_") must individmdly
satisl'v t!t(,s(, (.(>mlili(lns. ),.g.,lin ill(' lPnl])(q'lll/ll'O
rise is m ifornt Itml therehlr(' Ill(' v_fltws of 7"" are
('OIlS|OIl|.
,";ohttiml of (4tu,lli()ns (Na)
hotmd_ry _'(in(lilion is (u Ill"
so llmi
thnl _alisfies the
r"' 0 (52t
\ ....... \ ....... tCh _7,:,_, "I
. s " _ I _ _ (53)
For lhis l)robh,m e(ltmlion (,41l) has lhe solution
n_!t (54)
tl ''11 t1_ I Sill t,,
lhnl s_llis[i('s lhe I)oumlary comlitio_l_. Thi_
solulion requires that
,1,,,,_ l) ( l _z)( .rr ):ICh,_ t_ t55 )
_o far lh(' soluti(ms .l_l.ine(I _w(' i(h,nli('nl lo lira
sm_fll-de:h,rlion sol_liml_ wlwt'e lhe s('l of vnhws
of "/'_"_(_,_w for mwh .) cnn I_e i_hu_litied ns lhe sel
()f t(,nll),rnlure rises thnt wouhl ('_lus,, hm'Ming'.
The lov(,st l('llll)('r_lllll'(' rise llmt would cnuse
hu('Min,; iN till, one c(wr(,sp(>t_ding l_l . : 1. Nolt,
thnl. ns in snmll-dpth,clion them'y, the nmplit ude
"h rttnn( t vel I)t, (h'ternline(I.
Th(' .','_'_ t'm'ces m_lv I., t'mmd nmv {in 1.rms
()f _/'l), _ II(I f|'()ll[ ('(llmtio_s (S(') lh(' s(duti()n that,
_ati_ti('_ Ih(' I)oumhu'v ('omlili(lns is
r "' : "7-' t_rr Sill 2nTr!/
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so that
l --p.2
_V;2, _'-' ,_T{ll)y = I I_1,%2 [--(1_ U) OLrl'(2!• _.-' !!'712(]'_'_274-_,,_ ] ,j
72) Yll_
(57)
Now w (3) must h(, d(,t(,vmiued from (,quation (Sd). After suhslitulion f(w lhe .\"s an(1 .,u).
cquati(m (Sd) 1)e('omos (si.('(, x u is a fuu(qiou of y ouly):
ll""_':l""' +-luEh c_T,O_.. ....I:_, _ EIm'_l__/(!It-')2 [- 1 !.b. ff)c_T' 2)+ !t4 : _//i _V'-lb) ] .--_tll" (_ 71"]]/)
In order th.( ihis equation have a n.mtrivial
_oluli()u satisfyiug the houudary (.()u(litious.
_vj2 4(1- u)_7 '_)
H 71" ,'.2'
If ul, lifts point, th(' arl)ilrary ])arunwtor _'-'
• T 7:,
ass]gn(,d the value T. , il follow,,< thai
1S
T <21 "1_(0)1 - rl'cr "_
(5,(t)
7 '_'')- 0 for ,_=>4
It ('uu h(' _('('n now lhat, (h(.r(, is no ('(nHHhulion (ff
any ot]wv of lhe set of (,qualious (N); t]wr(,for(,, llti
(,xaeI soluti(m ]m._ t)..(,u ol)tuiued for lifts t)rol)h'm.
'l'h(, tiiml v(,suhs ('.u hc wrill(,u
,) ,__#),.:- T -b ¢1_)-_.i n "-->._t/Ifb_ 21_ b
b
,_rtl
sin-b
(6o)
It muv t)e not(,(1 (hat _\'_ r(,nmins at the I)u('kling
•,'Muc iH tit(' I)oslhuvMing rang,'.
t)ETERMINATION OF EFFF(:TIVE t,OAD-NHORTENIN(;
(_ U RV t,:N
For the t(,ml)crutur(, I)rohh,nt,_ it is (h,_irahh, to
have ('urv(,s _imihu' lo lh(, h)ad-sh()rl(,uiug (.urv.._
of the ('ompre_i()t_ l)rohh'm. Tho l)urli('ular ad-
vantuge ()f lh(, h)ad-sh()vteuiug ('uvv(, is thut lh(,
ur(,auu(h,r (hi, <,urv(,is t,quul (o lit(, strain (,m,rgv
Also tlt(, i))((,vs(,('ti()t)s of the loa(l-,,<horl(,ui))g (.urv(,s
l)rovi(h , u ('()nv(mh,ut imli(.atioh of lh(, p()ssil)i]ity
of,'ha g(, i. l).('kh, l)al((,rtt. For lit(, leml)(,ra(m'e
l)r()hh,ms ('()usi(h,r(,(l, u slruin (m(,rgy ,,._ su('h (I()('_
n()(, exist; how(,v(w, a conq)aral)h, quuutity, (he
(,.(,vgy (at the final ieml)(Watur(,) wlfi('h i_ r(,-
](,as(,(l wh(,u the (,(Ig'(, r(,,,<traims are remov(,d (re-
vcrsihly), (lo.,s (,xist. This "r(,(.ov(,rahh," (,u(,rgy
is ('quul lo l h(' strain (,n(,rg'y of u slighlly hH'ff('r
simply SUl)li()rt('d l)late with ('(lg('s suhj(,('t('(l to
lou(Is ('qmtl to (hi' rea('tiou loads at the iu-l)lau('
)'(,_(ruinls.
Th(, r(,(.ov(,rahh, strai)_ (,u(,r,.v is now (,:<:uniu(,(l.
,,=..,
If th(' r('a('tion loa(Is at (hi' r(,struiuts are A'_., .V_.
N_,. aud (he disphwcm(,ut_ (hu( occur Ul)OU rolaxu-
lion of lhe r(._lt'aiu(_ are 77 uml 7, t]w reeovorat)h,
strain (.u(u'gy l_is
• t, . 0/'7 '"
.... ,,,':,+j,, ,,,,,',7,"((i_)
wh(,reatl O(hel)lah ,isuuh)ad('dah(lalt=::TIIt('
plat(, is loa(h,d. Siu('(, the li,ml val,t,,,_ of u au(l r
at l})(, l)ouu(lavh,,-; are fun(qt()us ()f lh,, lenil)('t'alur('
rise 7' au(l since the r(,aoti()n loads ,it'(, given in tlt('
amdysis s(,etion as futwlion of lh(' l(,ml)er':Hure
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rise 2/" it i_ rmlvenicnt to change the variabh, of
iutogration from t lo T. This may I)(, do.c sim'e
the :train energy is independent of I)alh. The
re('overabh, strain energy can now/)e disruss(,d in
more detail fi)r rauh of the h,ml)eraiur(' probh,ms.
For i)rol)h,m 1 of the previous discussion, liw
.\',, and A_, terms do not appear, and, since u i._
not a ['unclion of !t at x--a,
\V}t(H'P
(-'\'_).. ,Iq
.\1 t---O, u(a,y)=(t_T and al I : r, _(a,y)_O so
that if the varial)h, of integration is changed, the
ahove exl)r(,ssiot_ ['or ('m,rgy can bt, written
l_/aT
()
(qmnging the variable of integration again gives
'_' pI" -:a(_ ,iT (63)
0
'l'herefi)ro, if 1' is t)lotted agai.st ao_T or if blTOT
i: ph)tted against Tthe area under Ih(' rurve u I)
1o the temperature rise T in questioll will t)e e(lmd
to the r(,('overabh, strain en('rgy. Obviously, for
this prol)h,m 6l)'c)7'=a_lL
For probh,m '2 (simply supported plat(' subject
to uniform I('IIII)OFIIIIIF(' rise wit, h zero disl)la('e-
merit normal 1o all ('dgrs, zero _h(,ar on all e(tges)
the A'., terms disappear and _ is not a fum'lion of
y al x a antl r is not a fun('tion of x at !t:b.
Th(,rcfore,
"(A'_)z , dql I I
" :i
..... ' ' J _ at :, ,,
+ [.i:{' ('''{')'] I' (11', ] ("0_--07'),, ,, } '''
At t (), _(_t q) _1o_7' 7'(.r,b) :bo_T .rid al t r,
_(_t,!t) (); f(.r,b) (). Tlwrcf()re, 1[., on(,rgy ex-
i)rvssi(.l can ho wrill(m as f()lh)w::
I'":" --J,,["'7' LJ.F£ ° (-\':) .......d!l] d( "fi)_
--.li,_"7' ktl; (N,),,=b d.r] d(7),,=_
It is (:o.venient lo ('hange the variable of inte-
graiion to 7'
•_' " b c" j.rl
((_4)
Thereh)re, if c)I',107' is ph)tlod against, lhe l(,m-
[)el'ttttll't _ l'lS(_ T tile area Illl(l(q' ImP ('tll"V(, lip 1o
(he T m question i,_ the r(,rov(,ral)h, strain ('nergy.
For l)rohh,m 3 (simply :Ul)l)orle(I l)lale subject
to unifi)rm (ellll)('rlltlll'e rise with zm'o dist)lare-
m(ml )l' all (,(Ig,'s) no l(,rms in llw r(,('overal)h,
strain (,nt,rgy disapl)ear; howt, v(,r, at l 0,
-_(a,y)-- a_T
_(a,y) =flat
71(:,b )--J'_'l"
7(x,b)--b_T
and al I v, . c () (). all (,(lg(.s, so thal afl(q"
('ha.g(, of variat)h,
U --a,_.i(:T[j,: ' (.'_)._-. d'!,+! j:)" (:'_,),,=v'lx
+)t ./:,_ (_'_")'_=_' _.1dt/+_: S, _ (,').).=,, .r d,r] d'l"
((is)
Again, if Ol "/_Tis t)h)tted against th(' t('ml)erature
rise 7' the area under lhe curve u 1) 1o the Tin
(lUesli,). will l)c equal to the rc,.ow,ral)h, strain
cnerg3.
Exl))'(.ssions ]rove ,,ow been set (h)w. for lh('
t(.ml)(,'ature l)rol,h,ms whi(.h, wh(,n ])lotl(,d, will
s(,rv(' is (,ll'(,('liv(' |()a(l-s|mrl(,ning('urv(,s. At I)u,'k-
ling lw small-(h,lh,(.lion th(.ory (h,l(,rmin(,s the
valu(. )fm to h(, us(,(l (_,-- I). Th(,n if ('m'v(,s for
other, ahl('s of m inl,,rse('l lhey are also ,)f inler('st.
For th' tirsl lCml)('ratur(' l)l'(d)lem, resulls idcnti('al
to ih( (.(mtl)r(,ssion-l)r()hh,m)'(,stilts (see fig. 1)
are ol,taim'(l ex('(,l)l lhat the al):('issa IIIIisl l)e
('l.mg( (I 1,)
12(I--ff) b2 ,,
.n(l 1' must ).)w I)(' r('gar(h'd as th(' ,'(lff(' r('a('li,m
load. For a (liscussio)_ of l)()ssihh' ('ha),gcs in
l)u('kh l)att(,rn, see rel'er(.)w(, 16. It w,)ul([ l)t, ,,x-
I)('('t('(i lhat ('[tallges ill hu('M(, ])0.11(Tll would h0
of Ih(' lyl)e discussed fo)' lhe ('o))trolh,(l sh()ri(,))ing
lyl)(' ()f loading. Thus, for a finit(, l)hd(', lh(, valu(.s
of m can be taken from figure 1, or for the inlinite
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t)l,tt(' (ha values of /3--_nb/a ('a,t be taken from
table I.
For lh(' sot'and _tnd third t(,tnp(,ralur(, prol)h,m
no int(,t'soclions of'cur; thtts no <'hang(,s in t)u('l,:le
p,ltt(,rn are OXl)t,('ted from th+lt +tt initial tmcklitlg
so t]mt _t+_--n--I. Results art, ])r(,s(,nt(,tt for th(,s(,
1)rol)h,ms itt figures 7 and S. In tigur(, 7 (qu'v(,s +tt'(+
pr(,st,nte(I for th(, s(,f.ond prot)lem for l)btt('s of
l('nglh-widthratio 1, 1.5,2,4, nndco. Thet'ostlhs
for l)btt(,s of finite h,ngth _tt'(, |)as(,d on the first and
sf,('oml npl)t'oximation and the r_'sults for itt-
finitt,lv long plates nre t)ased on a S<,l)arat(, (,xa<q
sohltion. It is ('xp('('l(,d that thtt (_ut'v(,s fay finite
lt,ngth-width ('alia will b(,('om(_ asymptoli(' to the
('urv(, for infinitely tong I)lttl('s. Thf, r(,sults for
tit(, first ,tnd s(w'ond al)t)roximalion as I)loltod in
figut'(, 7 lit, r(,asonul)lv ('lost, togt,thor for th(, rttnge
of t('mpt'r,tttlre t'isos sht)wn and, thus, in(li('at(_
satisf_t('lorv t'oliv(,rg(,nt'e for Itf';tt']v s(ttl+lt't, I)lat(,s
and sprat,what less satisfnt'tot'y conv(,t'g(,nf.t, for
hig].,t' h'ngth-wi(It|[ ratios. Although thf, ('(,suits
presf,nt(,(I for simply sttl)portf,d plnl(,s indi<':tt(,
tt patl(,t'n of on(, htt'g(, but'H(, for all h'tlgth-wi<lth
ratios, it is it) I)t, (,Xl)(,('ted that ('l_mtp(,(I l)btt(,s
with the snm(, in-plato, boundary ('onditions "+viii
|tuvf, more titan on(, I)tt('l<le for sam(, h'ngll_-wi(Ith
r_tios und may h_tv(' ('hang(,s in t)tt('kl(, l)att('t'n.
For tit(, third 1)rol)h'm the t'(,<'ov,,rabh, enfq'g,5._
('re'v(, is I)t'('s(qttf,d in ]igur(, S for a sqmm, ])httc
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along with the ('orr_,sp(mfting ('urv(, for lh(, s_,('(md
t)rol)h'm. Also 1)ros('t_ted at'e tit(, iniinitely lonlz
plat(' I'(,stllts whi<'h w(,t'(, l)r(,s(,nt(,d in figure, 7.
Th<, infi]titolv long l)htl(' r(,sults satisfy ihf, I)ottnd-
try (:onditions f<)t' this l)rol)h,m as well as the
I)ottndary ('onditions for thf+ st,('ond prol)]t,m.
From tit(, results ol)tainod, thf,ro is no indi+'atiott
()f st ('hat(g(, in I)u(']do t)att('rn. B<)th th(, s(luaro
an<t the itffinit(,ly long plates lmt'kh, into ant, large
I)ut'kh,. Again, it is to I)(, ext)(,('tt,d t]mt ('lamt)<,d
plates with tit(, stm_(, in-l)lnnf, I)oun(lar N ('on(If(ions
will hay(, m<)t'(_ titan ant, 1)u_'kh, for some h,ngth-
width ratios and may hnve ('hangt,s in l)u('H(, pat-
tern. Altl_ough ligtlrt, S in<li<'at(,s sorer, difF<,t'(,n('f,
l)(,twt,(,t_ the t'(,('ov(,t'+tl)](, slt'_tit_ (,_t,rg'c for th( +
sf,('ond +rod thir,l l)rol)h,ms for a s(tu_n'(' l)lal( ', tt
s('l)tl+l'ttt(' (+al(qtlation shows thttl tit(' tlo[h'('lio]t will
I)(, oss(,nliall N tlt(' sam_,. Ilowt,vt,r, tht, stl'OSs
dislrit)ttti(ms will I)(, (lit]'t,r(,nt. For higher t(,mp_,r-
_tture vises, the rest(l/ for finito h, ttgth-width ratios
will l)(,<.ome _tsyntl)toli(, t() tit(' it_tinit(, ])]_ltt' rostths.
(?()N(TLUDING REMARKS
A linf,ur st,t of (,(lUalio_ts has been d<,rivt,d It)
r(,I)]tt('c tit(+ nonlint,at' I_trge-(It,fl(,('tion (,(lu_tif)ns
for plates and in shown t<) It_tx(, the n(lvant_g(' of
simplit'it:y of soh_lit)tt, sin(',, mu('h mot'(' in I<nown
al)out solving lim'at' I)at'tial (litrt, rt, ntial ('(Imttions
It(an +tl)<)ut solving ntttflinoa_r I)a,'tial (lifl'(,t'(,t_liul
(_(ltt_tions. ]low(_v('t', lhf' ]in(,ar set of e(Ittat iotas
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art, subject to cerl_tin limitations (h'l)ett<ting upon
the Ul)plic_ttitm desired. It is It) lw eXl)et'led that
solutions to ('ert_dn I)vobhqns might not converge
satisf,ctorily, _md ttt the i)rt,,_ent lime it al)l)(',vs
tlmt tht, linear e(luatious ('_muot be used to solve
postl)uckling l)robh'ms for phttes with inili_d ec-
<'entri<'it ies.
For the <'om|)ression prol)h,m solvt,d, tit<, second
_q)l)roximatiou of tit(' t)rt'sent theory agrees with
ex_u't results foz" the s(luar<' plate. Results for
t)hnt,s with tiuite, as well _ts infinite, length-width
ratio indicate tim( the <,tt't,,'ts of <'hang,, in t)uckh,
t)nth,rn must be (.onsidet'ed. For _nl infinite plate,
results obtaitwd in first tq)proximntiot_ _tgre<, with
the t)est t)revious results for much of the range, but
results for the second al)l)roxim_ttion give lower
_md more a('eurate loads for given shorten|rigs.
The <.omimrisons mnde intli('at<, tlmt, for ex-
tt'enu,-lil)er strains and ,hqh'('tions tit the ,'rest ttf
a Im('Me. the lift,sent thet)retic_d r<,sttlts for siml)ly
SUl)l)orted t'e<'ttmgtdat' 1)httes with strnight edges
free ,)f shtmt' _lgl'ee well in the l)osttmrkling r_tnge
with tXl)erim<'nt_tl results ()n Imwtienl sliil'ene,l
|)nnel:.
For t(,ml)eralure t)rol,lems n l)r<t('ethm, is de-
wqt)l),,,l whi<'h 1)twmits _'urves to t)e drawn simihn'
to the h),'ul-shortt'ning <.urves of the COml)rcssit)n
i)rol)h,m for the i)tn'l)OSe of indi,mting possible
(.htmgt-_ in I)u(.kle l)ntlern. For tt 1)hit(' with zero
in-l)h_r(+ disl>hwem,,n! normt|l It) the short edges
and subje(q to a uniform tenq)erttture rise the
results are idcntit'nl, ex<'el)t for tt few elementary
('h+mgc:, to the <'Oml)ressi,)n l)V()l,h'm, and, ther,+-
fore, s_wh tt l)late is sul)ject to <'htmge in l)lwkh'
pattern. For plates with zero in-phmc disI)hwe-
mt,nt t_ormal to _lll edges and sul)jcct to a uniform
t(-ml)t,rnttn't, rise no })u(.klc pattern clmngc is
indi(mtcd.
LANGI,E¥ ]'_ESEARCH (!FNTER,
ATI,}NAL AERONAUTI(_S AND _I'A()E ADMINISTRATION,
LANGLEY F1ELD, VA., M_lrch 5, 1,95'3.
APPENDIX
EXPERIMENT
l)a, ta are pre_ented from two different lype_ of
lest sp,,rimeus whirh are described in this a.pp,,ndix.
The loaded e,lgesin borh type_ of test, specimens
were _nmnd tlat and perpendit'ular it) lhe h)nffi-
t udinal axis of the Sl)erimens. They were ('ore-
pressed "fl_t! ended" 1)etwe(,n the platens of the
1,2(t0,000-poun(I ('ap_wity hydraulh' tesling ma-
rhine at the Imn_h,y slru('lnl'eS r(,searrh h|hora-
tory, whi('h applies load throtlffh the use of a
hydrauli(" nnn.
PLATE ,NUPPORTE1) BY MULTIPI, E-BAY FIXTURE
Apparatus and method of testing. In one tes!
ihe plate was supl)orh,d by a mulliph,-t)ay fixture
([i_. 9) in an altt'ml)t Io provide the ('d_e (',)udi-
lions usua.lly spl,c'ifi,,(I I)y lht,ory 'don_ thp ml-
[o'tth'd ('d_es of each panel: simply SUl)l)ort(,d
straight ('dlz,,'s free of in-I)hme shear. A 2024-T3
aluminum-alloy tlat, plate 52.32 in('hes I)3' 25.36
int'hes by 0.072 im,h was lested. The plate was
supported lal(,r_tlly with knife edges (oll both
sides) t)y a fixlur(' forming (,h,ven panel:-; 4.71
in('h(,s by 25.36 in('hes. Spur _ears all a('hed lo
the knife edges and ra('ks utta,'hed to the has,,
platt's of the fi×ll|r,, were used for posilionin_ the
l,mif,, edges. Th(, knife edges could rot_tte and
thus alh)we(I mlifornl in-l)l_|,n,, movement norlnal
lo |he mdoa(h,(l edges of ea('h panel. Ml_._nels
instalh,d i, the base I)lall , supl)()rted the w(,i_ht
of lhe knife edges (turhl_ assembly. Tilt, knife
edges were a('('twately l)hl('e(I by the use of keys
through the base plate which were removed after
iuilial h)adin_. A vit,w of one ()f the 1)as(, 1)1'lies
with th<' knife ,'dg('s in l)la<'t ' is show. in tigur(, 9.
A ltlbri('ant was al)l)lie(I to ihe l)lale trader the
knife i,(Igl,s to fa('ilitate in-plane movena,nt of the
]:l.v]{[,; !).--]'hu.-. l)hdc of multiph,-b:Lv fixlnrt, _.}t(_xxilk_ knifr .d_(,: IIS('(t I_1 _lll)l)l)rl [hit plal_'.
L-88588
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I)htl(' along the unloaded edges and to h,ave tlwm
virtually free of shear.
The instrmn(,ntation included eight lmirs of
wire-resistance stt'idn _,o'a,)'es_• cenlente(l to tit(' l)htte
I)a('k-lo-l)ack and spaced 2 inches apart along the
center (>f tit(, middle bay. 'Fit(, gages were wired
st) (hat strain differences could be measured at Ill(,
location of each pair of gages. Wire-resistance
strain gages on a ca lil)raled cantihwer t)eanl were
used to obtain the l<)lal shorte|li||g |)y measurin_z
th¢, chnnge of distance hetween the platens of tit('
testing machine. 'Flit, data frmn all tit(' _,)'a,ws_.
were recorded simultaneously and (_<)nlinttously
from initial hmd to faihn'e.
Analysis and discussion of data,-The lolal-
sho,'lening daia were taken t)y meastu'ing the
distance between tilt, platens at a short distance
front ill(, test sl)ecinwn, lh,cause of deformation
of tit(, i)latt,ns during lo_lding the 1)rt'l)uckling
sh)l)e of the h)ad-shortening curve was in error.
The (h'fornmtion of tit(, 1)latch is t)elieve(t l(> be
directly proportional to load, and the data were
corr(,cted acc()r(lingly. The corrected load-short=
ening curve is given in non(linwnsi(mal form in
figure 3. The breaks itl the curve after /)ucMing
occurred because (if changes ill t)(wkh, pattern.
The changes occurred in a violent manner and
were observed to go from 5 to (i to 7 to S truckles.
The pair of I)m.k-to-I)ack strain _,n_(s• in(li('aling
tlt(' largest strain dilfcrem'(' along the ('enter line
of lit(' mi(hlh, bay were assumed 1() Iw on tit(, crest
of u truckle (no dir(,ct ohscrvlttion could be m_,h').
No al)l)re<'ialde error is eXl>(,ct(,d front this nssunll)-
lion sill('(' the variation of strain near ill(' cr(,s!
of a bucl<le is snmll.
Initially tlt(' I)hlte Imckh'd into 5 t)u('ldt,s and
one s('l (if gl)+ges wns nearest the crest. After Ill(,
l)u('l<le l)atlern ('Imngcd to 6 btwl<h's, ram(her set
t) f O" tP +_+.,tl_t, WH.S II(qll'('S| l}](' (+l't's|. T}le results ft'olll
lit(' set of o'vo'es nearest tilt, ('rest ill tlt(' lower rang('
mid fronl the other set o1' ,..mw',,s.._in tilt' Ul)l)er l'tlllg('
are shown ill non(lilnensional form ill ligurt' 4,
where tlt(' |+ending strnhl tlt the ('rest of the Ilu('kh,
is plotted tlgainst the load. The h)a(l at whMt
the materiul started to l)econ., plastic was nlt,as-
tire<] I)V other qlo,+,_, which gtr:e tlt(' extretu(' Ill)t'('
• m "t'--"
strains _lt, tit(' crest of the t)uckle and is indicated
in figur(' 4.
Z-STIFFENED PANELS
l)ah) on four Z-stifft,ned panels simih|r (o those
us(,d in ltir(.rafl wing ('<)nstrtwtion were obtnine(]
ill tit(, t'ange from zero strain Ill) to several times
the bu(,kling s(rain.
Test specimens and instrumentation. The
important dimensions of the f()lll L panels teste(l
are sh,wn in figure 10. Each panel had four
Z-se('lion stiff'chefs attache(t l() flat sheet at lhre('_
equal Slm('ings. These Z-stiffened l)anels were
part of a large group ()t' l)anels (h,s<'ril)ed ill refer-
ence I v. ?Fit(' panels descril)ed in figure 10 hail
a(htiti()nal instrmnenta(ion ill oM(,r to l)(wmit
a study of their l)oslbucl<ling I)ehavi<)r. The
nmlerial in (he sheet and stiffeners was artificially
aged aMad altmdnunHdloy l)lale, whi('tt is dis-
<'uss('d in referen('e 17. Wir(,-r(+sistance strain
,_,v,,,s were cenlente(1 to tit(, panels so tltut strains
couht lw melmur(+d "it tit(, ('rest, <if a tmckh, a n<t
at tlt(' +tiff(,n(,rs.
Analysis of data., -The strains were metlsur(,(l
at int('rvals (if load from initial l(md t() failure.
The st 'ains nwnsur(,d at tlt(, stilfeners w(u'(, av(,r-
aged, and they v,(,re l)lolte(t against the strain
meast_r('d at tlt(, crest of a l)uckh, in figure 5. No
tl.l)rUllt (']range in l)uckh, [)_t(((,rI). oc('tirre(l ill l]m
r_).ng(' shown. The strains l)('li(,v('(l (o Imv(' l)('('n
in the )htsti(: range are indicate(].
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